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Abstract

Hypothesis testing in the ¢-sample model is generally accomplished using
analysis of variance techniques. Such techniques are inappropriate when an ordering
of the ¢ populations is enforced a priori. Order restricted methods are effective tools
for data analysis in such situations. The primary objective of this dissertation is
to establish distributional properties of sign-scored methods for hypothesis testing
when order restrictions are assumed. Sign-based methods are desirable because
of robustness considerations—the methods are quite resistant to relatively large
amounts of outlying data.

Two sign-based approaches are considered for testing an order restricted
hypothesis specifying that response location increases with sample index. The first
approach is a generalization of the two-sample sign-based procedure, relying on
linear combinations of one-sided, two-sample test statistics to test for trend. Distri-
butional results for such statistics are developed in Chapters 1 and 2.

In Chapter 3 the efficiency of the sign-based methods with respect to other
procedures based on linear combinations of two-sample statistics is derived. As-
suming perfect information regarding the nature of the response curve, it is shown
that the linear combination can be weighted to optimize the efficiency of the test.
These optimal weightings extend to a broader class of statistics based on linear
combinations of rank-based two-sample statistics.

A second sign-based approach for testing an order restricted model is de-
rived as an analogue to the likelihood ratio test for the normal means model. Dis-
tributional properties and efficiencies for this test statistic are examined in Chapter

4. Numerical comparisons between the two methods examined indicate that, when



v

the precise nature of the response curve can be anticipated, the optimally weighted
linear combination of two-sample statistics is superior. It is also demonstrated that
the optimally weighted tests are preferable when the true and anticipated response
curves do not drastically differ. In practice a linear response is often hypothesized;
the optimally weighted test against such a response performs very well provided

that the deviation from this model is not too large.
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Chapter 1

Introduction and Preliminary Results

This thesis begins by developing sign-scored methods for testing against
ordered alternatives in the c-sample design. Considerable work has been done on the
topic of order restricted inference; Robertson, Wright, and Dykstra (1988) provide
a comprehensive reference. None of this work implicitly or explicitly develops sign-
scored methods. Rectifying this situation is the initial focus of this paper.

We first develop a generalization of Mood’s two-sample median test; in
particular we use a linear combination of one-sided Mood statistics for testing ; < n;
where the index set is 1 <@ < 7 < ¢. Following this, the sign-scored analogue of the

X* statistic developed by Bartholomew (1959) is examined.

1.1 Overview

1.1.1 Order restricted methods

Testing and estimation in the c-sample model are generally accomplished
through analysis of variance techniques; the F-test and distribution free analogues
to the y?-test are prominent. In many applications it is reasonable to assume more
about the nature of the response than inequality of parameters between treatment
groups. Testing order restricted models in the ¢-sample problem is an extension of
the 1-sided test in the 2-sample problem.

This work focuses on procedures for testing the “simple order” alternate

hypothesis versus the null hypothesis of homogeneity of response over the treatment



groups, 1.e.,

Hy: Fi(z)=F(z)="-- = F.(x)

Hy: Fi(z) > Fy(x)>--- > F(x) (Fi(z)> Fiqa(z), some 7).

There are a number of approaches to testing such hypotheses, including normal
theory likelihood ratio tests and linear contrast methods, as well as distribution free
variations on these. When the general alternative is dismissed in favor of the simple
order alternative, each of these methods is quite effective in increasing procedural

power for alternatives in Hj.

1.1.2 Mood’s median test

Mood (1954) is credited with the development of the distribution theory
for the sign-scored, 2-sample testing procedure. For the 2-sample design, with X,
t=1,2, [ =1,---,n;, independent and distributed according to some distribution

function F;, Mood’s test is based on the statistic

M =#(Xy > median {X;;0=1,2,1=1,--- ,n;}).

Under Hj, assuming some mild regularity conditions, the exact distribution of M
is hypergeometric, M is asymptotically normal. Mood’s test has the advantage of
being quite robust to outlying data.

Mood (1954) also developed the asymptotic distribution theory of the 2-
sample statistic M under a general hypothesis. His work was later extended by An-
drews (1954) in deriving limit results regarding the extension of the 2-sample Mood
test to the c-sample setting, unrestricted alternative. The technique employed by

both Mood and Andrews is to compute the exact joint distribution of the aggregate



sample median and the number of observations from each sample left of this me-
dian, “use Stirling’s formula on the factorials, take logarithms, ...,” Mood (1954).
Similar, but separate developments must be taken for even and odd aggregate sam-
ple sizes. Such an approach is clearly ill-suited to development of the distribution
theory of linear combinations of a number of such (dependent) statistics.

The work of Bahadur (1966) on quantile representation theory post-dates
that of Mood and Andrews. The approach taken here applies methods of Bahadur in
developing the limiting distribution of linear combinations of 2-sample Mood statis-
tics. The method leads to a significantly more concise treatment of the problem,
is applicable to both even and odd sample sizes, and lends itself to an intuitive

interpretation.

1.1.3 Linear contrast methods

Contrasts of sample means have long been known to outperform the F-test
when testing for trend. The initial work in distribution-free testing for trend in the
c-sample model was done by Terpstra (1953) and Jonckheere (1954), who indepen-
dently derived the distributional properties and cumulant generating function for a
statistic based on a linear combination of one-sided Mann-Whitney tests:

=1 ¢
J=3 > Wi
i=1 j=i+1
where W;; is the Mann-Whitney test for comparing the ¢th and jth samples.
This work was extended by Puri (1965) who studied the statistic which

replaces W;; by a Chernoff-Savage statistic (Chernoff & Savage, 1958). Let Fl(r)



denote the empirical distribution function for the 2-th sample. Define

Fij(2) = ——Fy(x) + —2—F (), (1.1)

n; +n; n; +n;

the combined sample distribution function of the ith and jth samples. Then take
c—1 c
W = Z Z nin;w;;, (1.2)
i=1 j=1+1
where w;; is expressed:

A

wy= [ :o Juiny [Bis ()] d (£ (2) = B (2))

Jnitn, is a score function satisfying Assumptions 1 - 4 of Puri (1965). To generate

the sign-scored version of this test, for 1 <: < j < ¢, set

v 1
0 < 3’
Jnign, [V (ni +15)] = nz—ll;n] 1 v=L2...,ni+n;. (1.3)
1 > 2,
n; + n; 2
Then (1.2) becomes
c—1 c
W=23 > (ni+n;)(My—n;/2), (1.4)
=1 j=1+1

where M;; is the Mood median statistic for samples ¢ and j.

One of Puri’s restrictions on the score function Jy(-) is

L

T ()| < K [ (1 — )]

for some K and some ¢ > 0, where

J(u)z}&i_r}réoJN(u), 0<u<l



For the score function defined in (1.3), J(«) has a jump discontinuity at u = 1/2,
hence J(u) is not differentiable at v = 1/2. Puri’s results do not apply here; nor
does a generalization seem to be available. As such, the corresponding results will

be developed using different methods.

1.1.4 Likelihood ratio tests and distribution-free variations

The normal theory likelihood ratio test for simple order was developed by

Bartholomew (1959):
YQ =g ? an (XZ»* — 7)2 ,
=1

where the X are the isotonic regression of the (unrestricted) sample means, X;.
Distribution-free analogues to the Y? test replace observations in the aggre-
gate sample with scores Jy(u), where N is the aggregate sample size and Jy(-) is
again a Chernoff-Savage statistic. Let R;; be the rank of observation j in sub-
sample ¢, then S; = >oiiy JN(Rij)/ni is the average score in subsample ¢ and

Jn =N, Jn(i)/N is the average score over all samples. Define

N
= 12
oy =20 [In() = Tn] /(N = 1).
=1
The vector of average scores within subsamples is given by S = [S,S,,---,S.]T.

Denote the isotonic regression of S by

T

§* = §17§;77§*

C



Then

2

Yz (?) _ Yoo M ([Tf: — jN]
JIn

has the limiting distribution of a y* random variable. Chacko (1963) developed
results for Jy(2) = ¢/N and equal sample sizes; Shorack (1967) extended them to
the unequal sample sizes case. Shiraishi (1982) generalized these methods to allow
for score functions satistying the conditions of Chernoff and Savage.

The sign-scored analogue to these statistics is generated by applying the
score function Jy as in (1.3). Take 75 to be the aggregate sample median and

A

[F7(R), -+, F*(7)]" to be the antitonic regression of the vector [Fy(#),-- -, F.(7)]7.

_ ¢ , 112
—2 * /A
S)=)> 4n; [F ; — —] ,
¥ (S) ;:1: ni |£7 (1) = 5
Again, the cited distribution theory does not cover this case.

1.1.5 Outline

Chapter 1 concludes by developing a re-expression of the Mood statistic.
The results are stronger than necessary to derive the asymptotic distribution theory
of the statistic W of (1.3). They will be implemented in full in Chapters 5 and
6, where an unrelated topic, the resistance to rejection of common non-parametric
testing procedures, will be examined. Chapter 2 develops the distributional theory
for W under a general hypothesis. In Chapter 3 asymptotic relative efficiency and
related topics are taken up. Having provided all the details in our arguments sup-
porting this alternate approach to Mood statistics, in Chapter 4 we develop results

for the sign-scored analogue to the Y? test and present numeric comparisons of the



various procedures.

1.2 Assumptions and notation

The over-all sample consists of N = >77_; n; independent random variables
Xg,t=1,...,¢, l = 1,...,n;, where the first subscript refers to the subsample
and the second subscript indexes observations within a subsample. Under the null
hypothesis all of the X;;’s have the same, but unknown, cumulative distribution

function F'(z). Make the following assumptions on F(-):
Al. There exists a unique value 5 such that F(n) = 1/2, and
A2. F has non-vanishing and differentiable density f(-) at the point 7.

A proportional sampling scheme is assumed throughout; for each z = 1,...,

my_oon;/N = A;; where 0 < A\; < 1 and Y 5_; A\ = 1.
Let #;; be the sample median for samples ¢ and j combined, uniquely

defined by
hi; = inf{e : Fy(x) > 1/2} = F7'(1/2).

Throughout, we shall make use of a representation of Mood’s statistic in

terms of the empirical distribution function. Define
M;; = niFi(7s),

then M;; is the number of sample ¢ observations not greater than the median of

samples ¢ and j.



1.3 An alternate expression for the Mood median statistic

In order to re-express the Mood statistic a result of Bahadur (1966) is
applied. Let n = ny + ny; without loss of generality the result is proved for : = 1,

J = 2. Proofs of the following two lemmas are given in Serfling (1980), pages 95-98.

Lemma 1.1 Assume Al and A2 are satisfied. Then

2(log n)/?

F f(n)nt/?

Lemma 1.2 (Bahadur (1966)) Assume Al and A2 are satisfied. For either k =

Lork=2Ilet {a,} be a sequence of positive constants, a,, ~ C’n,;l/2 (log ny )2,
where C > 0. Set
iy = up ([P (1 +2) = Fo ()] = [F (1 -+ 2) = F ()] (1.6)
Then there exists a constant My, such that
P [Hy > Myni®* (log n)** i0.] = 0. (1.7)

The following theorem demonstrates that the Mood statistic has an asymp-

totic representation as a weighted difference of one-sample sign statistics.

Theorem 1.1 Assume A1 and A2 are satisfied. Then
A _ ny [ A _ Ny [a _
() =1/2) = 2 [Bo(n) = 1/2] =2 [Fe(n) = 1/2] + Ry (18)

where, with probability one, R, = O(n=*4(logn)®/*) as n — cc.



Proof: Define

. 2 (logn 1/2
A, = [w: 7712—77|2(711)/2 )
f(n)ny
For n sufficiently large
X 2 (log n)1/2
A, : - > =1,
1 C w |T]12 T]| — f(T]) n1/2

and Lemma 1.1 implies P [A,, i.0. | = 0. Apply Lemma 1.2 with the sequence {a,, }
chosen with a,, > (2/f(n))n"*/% (log n)1/2 for all n. Then there exists M; such that

the sets
Cp, = [w :H,, > Mln;3/4 (log n1)3/4] ;

satisfy P [C, i.0. | = 0. Further, define

A

1 (B () = By ()] = [F (7) = F ()] > Mini ™ (logna)*'*] .

B, :[w:

Then
Buy = ((An N8 U (45, N Bu)) © (A U (45, NBw)) € (4 UCn).

implying that (lim sup Bnl) C (hm sup(Ay, U C’ru)) . Hence

P [lim sup Bm] < P [limsup (Am U Cnl)]

ni

= P (lim sup Anl) U (lim sup Cy, )]

limsupAm] + P llimsup Cm] =0.

IN
e




Rephrasing, with probability one,

(74 (2) = By ()] = [F (2) = F ()] = O (n7"* (log m1)**) ,n — o0,

An identical development shows that, with probability one,

[£2 (f12) = E> ()] = [F (112) = F ()] = O (n3°/" (log na)*/*) ;0 — o0,

As F(ﬁlg) =1/2 4+ O(r™"), use (1.1) to write

A N n A N _
FQ(Tm) =1/2 - n_:Fl (7712) + O(n 1)-

10

(1.9)

(1.10)

(1.11)

Substitute (1.11) into (1.10), subtract the result from (1.9). Algebra then reduces

the result to (1.8). m

The theorem holds for each 1 <: < 7 < ¢; for our purposes the appropri-

ately scaled version is given by
N_3/2 (n2 + n]‘) ; [FZ (TA]”) — 1/2] =
n\ i\ X ‘
(3) () vElim=-y2

() (3)" v [ )= 172] + R

(1.12)

where, with probability one, R, n,; = O(N~Y*(log N)*/*), as N — oc. In what

follows it is sufficient to take Ry, ..} = o(1), with probability one, as N — oo.
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1.4 Multivariate limiting normality

Let d = ¢(¢—1)/2 and let V y be the d-vector of centered pairwise median

statistics:

(n1 + n2) (Miz — nq/2)

(n1 + ns) (My3 — n1/2)

(nc—l + nc) (M(C—l)c - n(c—l)/Q) J

Adopt the convention of indexing the components of V 5 with double subscripts,

(1,7) : 1 <@ < j < e Another representation is given by
(Vn)y = (ni+ng)ni [Fy (i) — 1/2]
Let Sx be the c-vector of (centered and scaled) sign statistics,

vt (Fy(m) = 1/2)

Sy =
Ve (Ee(n) = 1/2)
From (1.12),
N3V = AyBySy + Ry, (1.13)

where Ay, By and Ry are as follows.
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—%2 —mo0 0 0 _
o) —moo0
L | |
L | | N
aao| 0 ® R0 0
0 2 0 -—m= g
0 = 0 0 -m
0 0 ™ _m g
0 0 = 0 -
0o 0 0 m -m

Figure 1.1: Structure of the A Matrix Under H,

e Ay is a d x ¢ matrix with components

% t =k,
U2
(AN)(ij),k = N J=k,
0 elsewhere.

The structure of the matrix Ay for the case ¢ = 5 is displayed in Figure 1.1.
e By is a ¢ x ¢ diagonal matrix, (By);, = (ni/N)l/Q.

e Ry is a d-vector of terms with (¢7) term o(1), with probability one, as N — oo.

We now establish the limiting null distribution of the collection of pair-wise

Mood statistics.
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Theorem 1.2 Assuming conditions Al and A2, as N — oo the random vector
N3V y converges in law to a d-variate normal random vector with mean vector

0 and covariance matriz Xgyq given by

Aidi (Ai + 4j)

1 1 =g,k =m,
ANiAjAm . .
n i=k,j#m,
A A . .
O(if) (km) = 4] k i#k,j=m, (1.14)
Aidj A ,
_ 7=k
1 J )
0 2,7, k, m distinct.

Proof: It is well known that the vector Sy consists of independent components
and, as n; — oo, ¢t = 1,...,¢, Sy converges in law to a c-variate normal random

vector with 0 mean and covariance matrix (1/4)1.

o Ay — AdxC

A 1=k,
(Aipye =1 =N\ Jj=k. (1.15)
0 elsewhere.

(The structure of the matrix A is displayed for the case ¢ = 5 in Figure 1.1,

page 12. Replacing the terms n;/N with \; gives A.)
e By — B.x. where B is diagonal, (B),, = )\3/2-
e Ry — 0, almost surely.

By the multivariate version of Slutsky’s Theorem (Arnold (1990), page 251),

N2V = AyBnSy + Ry = X,
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where X 1is d-variate normal with mean vector ABO = 0 and covariance matrix
given by ¥ = (1/4) ABBT AT. Multiplying the matrices yields the solution given in

(1.14). m

1.5 Application

An immediate implication of Theorem 1.2 is that any linear combination of
the components of the random vector N =32V y will converge in law to a univariate
normal. Let b be a d x 1 vector of coefficients (weights), again indexed with double
subscripts, (b);; = b;j,1 <7 < j < c. Define

c—1 ¢
Vy(B) ="V =3 3 by (ni + 1)) [M _ %] .
i=1 j=i+1

Corollary 1.1 Assume Al and A2. As N — oo,
N7V (b) = N™*/%"V N 5 Y ~n (0,77)
where 72 = b7 b.

To test the simple order, assuming the coefficients b;; are equal (without
loss of generality b;; = 1, b = 1), we have 72 = (1 — 35, A;°)/12. Defining on? =
(N? = 32¢_ n®)/12 gives T/(N_3/20'N) — 15 as a result Vy(1)/on 5 7~ n(0,1).
The asymptotic size-a test rejects Hy for

c—1 c c—1 c . . . 3 _ c 3 1/2
n; +nj;) M;; > 7(7% ) + 2“ N =2iam )

i=1 j=1+1 =1 j=i+1



As a special case, consider equal sample sizes (i.e., n; = n, A\; = ¢},
i=1,...,¢,and N =¢n) . Then
e N(c—1 N(c2 -1
S My > M 4o N (@1
i=1 j=i+1 2 18

is the asymptotic size-a test.

1.6 Remark

Proofs of Lemmas 1.1 and 1.2 can easily be adapted to accommodate any
distribution function having density f with finite left and right-sided derivatives
at the median 7. All results given in this chapter are therefore valid under these
relaxed regularity conditions. The double exponential is one model for which the

extension is necessary.
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Chapter 2

Limiting Distribution Under the Alternate Hypothesis

Under the alternate hypothesis assume X;; are independently distributed
random variables having distribution functions depending only on ¢, X; ~ Fi(z),

with the Fj(z) stochastically ordered,

Va: Fi(z) > Fy(z) > ... > F.(z).

The same sampling scheme used previously is adopted. Notation remains unchanged
except where specified. A quantile representation theorem is developed for indepen-
dent, but not identically distributed random variables. Using this, and a result
similar to Lemma 1.2, Mood’s statistic is re-expressed in much the same fashion as

in Theorem 1.1.

2.1 Preliminaries

In developing the results of this chapter it is necessary to construct se-
quences of (paired) “population” medians dependent on sample sizes. Take F(-)
and G(-) to be stochastically ordered distribution functions: for all z, F(z) > G(x).

For 0 <y < 1 define:

H (2,) = yF (2) + (1 —9) G (2) — 5.

Assume that the equation H(z,y) = 0 has a solution (zg,yo), and that F'(z) and

G/(z) have continuous, strictly positive densities (f(x) and g(z), respectively) in
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some neighborhood of the point xg. Therefore H(x,y) has continuous partial deriva-

tives with respect to both z and y in some neighborhood of (zg, yo), and

0

a—xﬂ(%y) |(@o.w0)= Yo f (o) + (1 — yo) g (z0) > 0.

Applying the implicit function theorem, there exists a function n(y), having a con-
tinuous first derivative in a neighborhood N of yo such that @ = n(y) is a solution
to H(z,y) =0 for y in N, and such that xo = n(yo).

Denote by € the class of admissible hypotheses given by the following

restrictions.

Al. The F; are stochastically ordered, with Fi(z) > Fiy(z),—00 < 2 < 400,

A2. For each (i,7) : 1 <@ # j < c there exists a value 7;; such that

Ai o Aj o
S )\sz' (mj) + FRY —Ij)\ij (772']‘) =5

3 o _ ,,0
(FOI’ convenlence, 77” = 77]2)

A3. For each (¢,7): 1 <i# j <¢, both F;(z) and F;(x) have continuous, strictly

positive density in some neighborhood of 7{;. As a result, 0 < Fi(ng;) < 1.

For each 7 # j, A1-A3 ensure construction of the function 7;;(y) as follows:
nii (y) 2y B (s (9)) + (1= y) £ (ni (y)) = 5,

where 7;; (y) has continuous derivative in a neighborhood N;; of y = A;/(A; + ;).

Since

e Foreachi#j, n;/(n;+n;) — N/ A+ X)),
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e 7:;(y) is a continuous function in some neighborhood of yo = A;/(A; + };), and
o Fi(-) is continuous with continuous density f;(-) in some neighborhood of 5,

there then exists Ny such that for all N > Ny, and each ¢ # j, the following results

hold.

e n;/(n; +n;) is in the domain of the function n;;(y), and therefore there exists

an explicit solution to

7 n; 1
i ¢ F (n;: I F. ) = —
U ni +n; (T]])—I_m—l-nj 1(77])

The solutions 7;; define the paired population medians for sufficiently large
values of V. For notational compactness the dependence of the n;;(n;/(n;4n;))

upon n;/(n; + n;) will be suppressed.
o 0 < ]\;lm FZ(T]U) = FZ(T]ZOJ) < 1.

o lim fi(ni;) = filni;) > 0.

Note that n;; may not be well defined for NV < Ny. In such a case it may be defined
arbitrarily. In all limit theorems to follow it is assumed that N > Ng. If the densities
fi(+) and f;(-) exist and are strictly positive and continuous on 7; < n; where the ;
are unique medians, then 7;; is well defined for all N with n; > 0,n; > 0.

As a final preparation, we establish a result regarding the asymptotic dis-
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tribution of the (¢ — 1)-vector

Fz‘ (ma1) — Fi (i)

Fz’ (mi2) — Fi (mi2)

>

Sin = 71}/2 i (Th‘(i—1)) — F; (Ui(i—l))

; (Ui(H—l)) - F; (Tli(i+1))

’ﬁ)

Fi (nie) = Fy (nic)

There are ¢ such independent vectors. The elements of S;y shall be indexed

1,...,e— 1,24+ 1,..., ¢, omitting the ¢th index.

Lemma 2.1 Assume A2 and A3. As N — oo, S;n converges in law to a (¢ — 1)-

vartate normal random variable with 0 mean vector and covariance matriz A;,

F(n3) [1 = Fi (n3)] i=J

Fy (min {00 }) = Fi (n5) Fi (i) 5 # 5"

(Ai)jj' =
(The rows and columns of A; again omit the index z.)
Proof: Without loss of generality assume ¢ = 1, in which case Siy will have
elements indexed by j = 2,...,¢. Let a be a (¢ — 1)-vector (non-zero, elements
J=2,...,¢), and define
YNk = Eozj][Xlk S 771]‘] 5 k= 1,...,711,
71=2

where [(A) is the indicator function for the event A. For each N > Ny form the row
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of independent, identically distributed random variables Yyi, & = 1,...,ny. Define

pn = E[Yne] = E | ol [Xap <yl =D by (my) -

=2 j=2
o’n = Var[Yyi] = Var Za]-] [(X1x < iy
71=2
= > Fi(my) [1 = Fi (m;)]
71=2
c—1 c
+23 0 Y ajor [Fy (min{ny, ik }) — Fy (1) Fr ()] -
7=2 k=j+1
Further, define
AN =F [Z YNk] = N1UN, BJZV = Var lz YNk] = 7110'2]\7.
k=1 k=1

By the Lindeberg central limit theorem for arrays of random random variables,
independence within rows (Serfling (1980), pages 31-32), the asymptotic normality

of 31, Yni can be established by showing, for arbitrary € > 0,

] 2
lim Ek:l f|YNk—uN|>eBN (t - NNk) dG Nk (t) — 0,

N—oo 63]2\7

where Gy (1) is the distribution function for Y. For fixed N the Yy are identically
distributed Bernoulli trials, further, Ya1*I (|Yy1 — pni| > €By) is bounded above by

I (|Yn1 — pn1| > €Bn). Hence

I bt Jyak—uw|>eBy (= HNk)QdGNk (1)
N—oo 6B]2\7

i nkE [YN12I (|YN1 — un| > n}/z 60‘]\7)]

N—oo 67110’]\72
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E [Ya T (Vw1 — pn| > ny*eon )]

- J\b—rgo eon?
B 1/2
< Jlim b /Z:J; o : (2.1)
Since limy o, Fi(7:;) = Fi(n5;), it follows that
oot = Yath (n) [L- B (n5)
j=2
-1 ¢
+23° > ajoy [Fy (min{n5;, 05 }) — B (n5;) B (ng)] > 0.
i=2 k=it

Then ny'/%eony must diverge; for all N sufficiently large the probability in the nu-
merator of (2.1) is 0, implying the limit is 0. The Lindeberg condition is established,

therefore

I R
> 5=2 YNK N£>Z~n(0,1).
By

As BN/n}/2 — 0oy, it follows that

n11/2 Z (YNk — ;LN) = aTSUV £> W ~n (0,0‘%) .
71=2
Since o? = a’Aja, oS,y has the limiting distribution of a”X, where X is
(¢ — 1)-variate normal, 0 mean and covariance matrix A;. Applying the Cramer-
Wald device (Serfling (1980)), page 18), Sin L£X. m

For each N the vectors S;n, @ = 1,...,¢, are independent, hence the

limiting distribution of the collection of S;n,2 = 1,..., ¢ follows immediately. Define

the ¢(c — 1)-vector Sy = [STy,..., 8% ]T. The elements of Sy will be doubly
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indexed,
(Sn)i; =ni" [Ei(nig) = Fi (n)] (2.2)
where 1 <i1#j <ec

Corollary 2.1 The limiting distribution of Sy is ¢(c — 1)-variate normal with 0

mean and covariance matriz A,

A, 0 0 - o 0
0 Ay, 0 - o 0
A =
00 0 e e AL

2.2 An alternate expression for the Mood median statistic

We prove a generalization of the quantile representation theorem for non-
identically distributed random variables. In what follows assume that conditions A2
and A3 hold. Without loss of generality the result is developed for (7, j) = (1, 2).

Let n = ny + ny, and define F, (z) = [n, Fi(x) + naFy(z)]/n. Note that for

all N > No, Fn(ﬁl?) = 1/2

Lemma 2.2 For any real t, as n — oo with ny/n — A /(A1 + A2),

Fn (7]12 -+ t/nl/Q) — 1/2
t/nl/Q

— C12 >0,



23
where

Ji(n3,) + J2 (n7,) -

At Az
Clg = ——— —_—
1 AL+ Ag AL+ Ag

Proof: By definition

F, (7712 + t/n1/2) —1/2
t/n1/2 =

(E) Fy (7712 —|—t/n1/2) — Fi (n12) N (@) Fy (7712 —|—t/n1/2) — I (7712)‘

n t/n1/? n t/nl/2

By the continuity of n12(y) at y = A1/(A1 + A2) and the differentiability of Fi(z) in a
neighborhood of 77,, using Young’s form of Taylor’s theorem (Arnold (1990), page

232) results in

t
o) = i = ) ) a0 2
Therefore,
F +t/n'?) — F
lim 1 (7712 i/nl/z 1(m12) = lim [f1 (m2) + o (1)] = f1(n72) (2.4)

as fi(-) has been assumed continuous at 77,. The remainder of the computation is

entirely analogous; it follows that ¢, is as given above. m

The following technical device will be needed.

Lemma 2.3 (Ghosh (1971)) Let U, and W, be two sequences of random vari-

ables satisfying the following conditions.

Cl1. For all 6 > 0 there exists v (depending on §) such that P(|W,| > ~) < é.



24

C2. For allt and all ¢ >

JLIEOP (U, <t, W, >t+¢) = 0, (2.5)
lim P (U, > 46 W, <t) = 0. (2.6)

Then U, — W,, 2 0 as n — oo.

The following theorem is a version of the quantile representation theorem for the
case of two non-identically distributed samples. The proof is based on methods
used by Ghosh (1971) in deriving a representation theorem (i.i.d. case) under more

relaxed regularity conditions than those stated in the result of Bahadur (1966).

Theorem 2.1 Asn — oo with ny/n — A /(A + A2),

_F12 (m2) —1/2 +o, (n—l/Q) ) (2.7)

(7712 - 7712) = 12

Proof: Recall that 7,2 has been defined to be the smallest sample median, i.e.

12 = inf{x : Flg(fC) > 1/2}. Then for any real number ¢,
{w :pl/? (12 — m2) < t} = {w :1/2 < F, (7]12 +t/n1/2)}

[l )=o) |
= w:n nf >

C12

where

t, = v [Fn (7712 —}—t/nl/z) — 1/2] )
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Note that lim, . t, =t (Lemma 2.2). Set

Qu = nl/? [Fn (7712 + t/n1/2) _F, (7712 + t/nl/Q)]
" C12 ’

W 1/2 [  (2) — Fr (7712)] ‘

C12

W,

Then
nl/?
e = (5 ) o)
= [Fu (mz - 1/0'%) = Fo (12)| }

With N > No, E[W, — Qi) = 0. Further, B [(W, = Qun)’| = ¢a (1 = ga) /i,

where ¢, = |F), (7712 + t/7L1/2) — F, (7712)‘ . From Lemma 2.2, ¢, — 0, implying that

lim, .o £ [(Wn — QM)Q] =0, hence (W,, — Q) 2 0. By definition W,, can be

expressed

Iz A

W, = — (—) n}/z [F1 (m12) — F4 (7112)] - <£> né/z [F2 (m12) — F3 (7]12)] :

1231 19

The asymptotic normality of W, is established by Lemma 2.1 and the convergence

of the sample proportions. W,, is bounded in probability; C1 of Lemma 2.3 has been
established.

Take U, = nl/? (712 — m2). To establish condition C2 let ¢ and € > 0 be

arbitrary. Then

< PUWa = Qi) > (1 — 1)+
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< PIW. - Qul=(—t)+d. (28

Asn — oo, t, — t and (W, — Q;,) = 0, hence the probability in (2.8) converges
to 0. Hence (2.5) is satisfied. A similar argument establishes (2.6), therefore C2 has
been verified.

Having established both C1 and C2, Lemma 2.3 can be applied to state

that U, — W,, 2 0. This is equivalent to the statement of the theorem. m

Corollary 2.2 Assuming A2 and A3, the limiting distribution of n*/? (13 — n12) is

normal with mean 0 and variance

A2

L[N
—{— F °\[1 — F o _ " @ ° VIl — F ° ‘
2, {)\1 e (n12) [ 1 (n12)] + N, (n12) [ 5 (7712)]}

Proof: From Theorem 2.1,

Fia (m2) — 1/2

C12

n'? (ha —m2) = —n'/? [

|+
= — (%) v cry n}/Q [F1 (m2) — kA (7712)]

no\ 1/2 .
- (f) ey ny'? [Fz (m2) — I (7712)] + 0, (1)

Convergence of the sample proportions, the result of Lemma 2.1 and Slutsky’s the-
orem proves the corollary. m

The following result is given in Hettmansperger (1984), pages 78-79.

Lemma 2.4 Suppose that W, (b) = U,(b) + ¢,b where U,(b) is monotone in b and

lca| < € < 00, Suppose that for each b, W, (b) % 0 as n — oo. Then for any B > 0
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and any € > 0,

lim P{sup W, (b)] > 6} = 0.

Lemma 2.5 Assume A2 and A3. For any € > 0 and any B > 0, as n — oo,
P {Iill;% |nl/2 {Fl (7]12 + b/nl/Q) — Iy (rm)] —bf (n‘ﬁ)‘ > e} — 0.
Proof: Set
U, (b) = n*/? {f‘l (7712 + b/n1/2) - B (7712)] e =—Tf1(n2)

Define W,, = U,(b) 4 ¢,b; U,, is non-decreasing in b and ¢, is bounded. From (2.4),

as 1 — oo,
E[U, ()] = ' [Fy (m2+b/n'?) = Fy (m2)] = bfi (15,).
Var [U, (8)] = {F (mz+b/n"?) = Fy (m2)} x
{1=[F1 (2 + b/nM?) = Fy ()]} — 0.
This verifies that U, (b) 2 bec,. Applying Lemma 2.4 establishes the lemma. m

Lemma 2.6 Assume A2 and A3. As n — oo,
2 By (inz) = Py (m2)] =

2 [ By (m2) = Fy (ma)| + fr (n32) 02 (n2 — mz) + 0, (1). (2.9)

Proof: Let ¢ > 0 and 6§ > 0. From Corollary 2.2 we have n'/? (12 — m12) bounded

in probability, there then exist B and Nys such that P[|n'/? (M2 —m2)| > B] <6/2
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for all N > Nys. Further, for B as given, there exists Nys such that for all N > Ny
P {EE% R (B4 (2 + b/n'/? ) = By (n2)] = 0f (n5,)] > 6} < g-
For N > max{Nys, Nos},
P{‘nm [Al (712) — £y (7712)] — [ (n3y) 0" (e — 7712)‘ > 6}
<P {&g 7% (B (2 4 b/n? ) = By ()] = [ (n3,) b] > 6}

-I-P{‘NI/Z (12 — 7]12)‘ > B}

Hence n'/2 [Fy(fina) — Fi(ma)] — f(n3y) [27* (1 — miz)] 0. m
We now give a re-expression for the Mood statistic under the alternate

hypothesis. For each pair (¢,75) : 1 <@ < j < ¢ define
vijN = (TLZ' + n]-)mﬁi(f]ij) - ,UijNy Where ,UijN = (TLZ' + TL]')TLZ'FZ'(’I]Z']‘).
Let V x5 be the d-vector of v;;n.

Theorem 2.2 Assuming A2 and A3, for each (i,j):1 <i<j <c¢, asni+n; — o0,

—3/2 1/2 1/2 [ £
N™ vy = N New N) n; [Fz (mi;) — Fi (77217')]
ij

ni+n;  nifi (Tlfj)] <nz

nifi 05 Y2 s |
- [%i)] (ﬁ) ni " [ F5 (i) = Fy (nig)] + 0, (1). (2.10)

Proof: Substituting (2.7) into (2.9) yields the result. m

Under Hy it is sufficient to take F'(-) differentiable at n; the result is then
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equivalent to that given in Theorem 1.1; convergence with probability one has been

replaced with convergence in probability.

2.3 Multivariate limiting normality
From (2.10) it follows that
N=**Vy = ANBySn + Ry,

where Ay, By, Sy and Ry are as follows.

e Ay is a d x 2d matrix with components

A B _ni—l—n]- nzfz(nzoj)
W = | =N = "Ne; |

(2.11)

(AN)apay = |- Neg;

nifi (ng;
(T“)}. (2.12)
All other terms of Ay are 0. The indexsetis 1 <i<j<¢, 1 <k#I[<ec

The structure of Ay for the case ¢ =5 is displayed in Figure 2.1.

o By isa2dx2d diagonal matrix, (By)ijyij) = (ni/N)l/Q. The rows and columns

of By are ordered exactly as are the columns of Ay.
e Sy is as defined in (2.2).
e Ry is a 2d-vector of terms o, (1).

Theorem 2.3 Under A2 and A3, as N — oo the vector N=%/?V  converges in

law to a d-variate normal random vector with 0 mean and covariance matriz X,
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Column

Row 12 13 14 15 21 23 24 25 31 32 34 35 41 42 43 45 51 52 53 54

2+ 000 -020200O0O0O0O0OO0OO0OO0OO0OO0TO0 O
370+ 000O0O0O0~—-00O0O0TO0O0O0OO0OTO0TO0OO0
4 700+ 00O0O0O0OO0OO0OO0OCO0-=202020T0T0T00
57000+ 00O0O0OO0OO0OO0OO0OO0OO0OO0OO0-=20T00
2100000 +0O0O0-00D0WO0OO0OO0CO0OO0OO0 O
24 1000O0O0O0+00O0O0O0OO0O-=00W0®0?0 0
2 ,1000O0O0O0O0+00O0O0O0OO0OO0OO0OCO0-200
34 0 00O0O0OO0COO0OO0OO0O+0O0SO0O-0®0S0P0 0
3 /0 00O0O0OO0O0O0O0OO0OO0O4+0UO0O0OO0CO0OO0C-=-0

45 (0 0 0 0 0 00 O0O0O0O0OO0OO0OO0OO0O+FTO0T0T0 —

A “47” in the figure denotes an entry with row and column labels the same: see
(2.11); also (2.13) and (3.3).
A “—7 in the figure denotes an entry with row and column labels the reverse of each

other: see (2.12); also (2.14) and (3.4).

Figure 2.1: Structure of the A Matrix Under H,
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elements T (i) (km)>
o = A (] (n5) £ (ng) L= 7 ()]

A2 () B (o) [1 = 5 (n)] }/ e

iy om) NAA i (n5) F (1,) [Fi (min {ng,n2, }) = Fi (n) Fr (n3,)]
v CijCim ’

Aidj Ae fi (Tlfj) T (7]13]') {Fj (min{nf’pm‘éj}) — I; (77%) F; (7713]')]
O(ig) (ki) = CiiChj ’

oy = A (1) D (a5 ) [Fs (min (a5 ) = B (35) 5 (1)
g)gm) CiiCim s

oGjykm) = 0,

where the indices t, 7, k,m are distinct, ]| <1< j<e¢, 1 <l<m<e.

Proof: Convergence of sample proportions implies that Ay converges component-

wise to the matrix A given below:

(D = Jim (An) e = Jim | = Ne, o (2.13)

ni+n; il (T/E})] _ i (n5)

ni fi (03 Aifi (ng;
(A) = lim (AN)(ij)(ji) = lim — [M] = —M (2.14)

where the remaining elements of A are 0. (The structure of A is displayed in Figure

— )\

2.1, page 30.) By — B, diagonal with elements (B);.ij) . From Lemma 2.1,

Sy is limiting normal with 0 mean and covariance matrix A. By Slutsky’s theorem:

N3V = AyBySy + Ry = X,
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where X is a d-variate normal random variable having mean vector AB0O = 0, and
covariance matrix given by ¥ = ABABTAT. Multiplying the matrices yields the
solution stated above. m

Finally, let b be a d-vector of weights. An immediate consequence of The-

3/2

orem 2.3 is that any linear combination of the N7°/“v;;5 is normal in the limit. As

before let Viy(b) = bV y = N=3/2 551 2 =iz bijvijn.

Corollary 2.3 Under the conditions given in Theorem 2.3, Vn(b) is limiting nor-

mal with mean 0 and variance b1 Xb.
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Chapter 3

Asymptotic Relative Efficiency

In this chapter we develop the asymptotic relative efficiency (Pitman, 1949)
of the test based on Viy with respect to competing statistics. The idea of asymptotic
relative efficiency is to choose a sequence of alternative hypotheses HM which vary
with the sample sizes in such a manner that the powers of two tests for this sequence
of alternatives have a common limit less than 1. The comparison of the two tests is
then made on a sample size basis.

Suppose that two tests Viy and V{ require N and N’ observations, respec-
tively, to attain the power 3 at level of significance « for the hypothesis Hy against

hypothesis HM. The asymptotic relative efficiency of Vy with respect to VY is
defined to be

N’
Cyyr = lim —.
’ M—c0

Let £ denote the class of linear combinations of Mood statistics Vy(b) =
N=32pTV = N—3/2 >i<j bij(ni +n;)[M;; — ni/2], where the b;; are weighting coef-
ficients. Similarly take £* to be the subset of £ consisting of linear combinations of
Mood statistics on adjacent samples only, Viv(d*) = Y521 b (nitnip)[Migi41)—ni/2].
We show that for each statistic Va(b) in £ (i.e., each vector of weighting coefficients
b) there exists a vector of coefficients b and statistic Vy(b") in £* such that the
two tests differ under Hy by terms negligible in probability and have an asymptotic
relative efficiency of unity under the appropriate sequence of alternatives HM. The

construction of b* is provided. For linear combinations of Chernoff and Savage statis-
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tics, and assuming equal sample sizes within groups, Tryon and Hettmansperger
(1973) exhibit the same result.

The tests in £* have (¢—1) “free” coefficients, by, ..., b._1. In the c-sample
translation model there are (¢ — 1) shifts in the population locations. A natural
question is whether the coefficients can be selected in such a way as to optimize the
test for a particular set of location shifts. Using asymptotic relative efficiency as the

criteria, optimally weighted tests are constructed within the class £*.

3.1 Asymptotic distribution under a sequence of shift alternatives

Restrict €2, the class of admissible hypotheses, to the class of translation
alternatives: Fij(z) = F(x —6;), for i = 1,...,¢, where §; < ... < 0., with, for
some i, 0; < 0,41, for some arbitrary choice of F', where F(z) has a strictly positive,
continuous density f(z) in some neighborhood of the point n : F(n) = 1/2. We
develop the distribution of Vy assuming a sequence of alternative hypotheses HM
for M =1,2,... . The hypothesis HM specifies, for each i = 1,..., ¢, that F;(z) =
F(x — 0;5) where the ; are nondecreasing and not all the same, and ;3 = 0;/v/M.
The letter M is used to index a sequence of situations in which HM is the true
hypothesis. A limiting distribution is found as M — oo assuming that N is a
function of M, N = N(M), with N/M — py < oc.

Define pijn(€0) = (n; + nj)n; Fi(n:;), where n;; is computed under the as-
sumption that the hypothesis HM is true (u;;n(0) = (n; + n;)n;/2, the null value).

Let pn(0) be the d-vector of u;;n(8).

Theorem 3.1 For cach index M assume that the hypothesis HM is true. Suppose

F(-) has strictly positive, continuous density in some neighborhood of n. Then the
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limiting distribution of the vector N=3/*V y is d-variate normal with mean 0 and

covariance matriz ¥ as specified by the null distribution (1.14):

Aidi (A + A5) =k i=m
4 9 9
Aidj A . .
i i =k, j#m,
Aidj Ak . .
O(ij)(km) = TJ v # k, j=m,
Aidj A
_ -k
1 J )
0 otherwise.

Proof: The proof is a specification of Theorem 2.2 , making use of the fact that
both 7;; and 7f; converge to n as M — oc. Hence F(1;;) — 1/2 and f(n;) — f(n).
This is proved with a stronger result to be implemented later.

Let 6 be arbitrarily small and assume that F;(z) = F(x — 6;6). Then n;;

satisfies

n; 1
F(nij = 0:6) + ——F(ni; = 0;6) =5 = 0. (3.1)

ni—l—n]- ni—l—n]-

n;

H (n;;,6) =

Since H has continuous partial derivatives with respect to both 7;; and ¢ in some

neighborhood of n;; =7, 6 =0, and

0
o, H (i, 6) = f()>0,
Mij (n,0)

the implicit function theorem can again be applied. There exists a function 7(¢)

having continuous first derivative such that n;; = n(6) satisfies H(n;;,6) = 0 for 6 in

some neighborhood of 0 with 5(0) = n. Implicit differentiation of the relation (3.1)
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gives
d n; n;
(s = L0+ —L—9..
dén( )5:0 n; +n; n; +n; I
Using Young’s form of Taylor’s theorem,
U7

Fi(nij) = F (n(6) — 6:8) = % + f(n) l ] (0, —6:)6+0(]8),6 = 0. (3.2)

n; +n;
Take § = M=% then as M — oo, Fi(ni;) — 1/2 = F(n). Applying this in the
proof of Lemma 2.1 results in the vector Sy having limiting ¢(c — 1)-variate normal
distribution with mean 0 and covariance matrix A of the form specified in Corollary
2.1, where the non-zero components of A are each equal to 1/4.

In a similar fashion the continuous function n°(6) solves

A;
N+ A

Aj 1
F(n°(6)—0,0)=—.

F(n®(6) = 0:8) +

With § = M~2, this continuity implies that as M — oo, n5; = n°(6) — n. The
continuity of f(z) at n gives limy—., f(n;) = f(n). In the proof of Theorem 2.2 we

have
N7/*V y = AyBySy + Ry.
As M — oo the matrix Ay converges to A,
(A)(ij)(ij) = A (3.3)
WDpiy = A (3.4)

and terms 0 elsewhere. (The structure of A is displayed in Figure 2.1, page 30.)
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By Slutksy’s theorem the distribution of N=%/2V y is then d-variate normal

with mean 0 and covariance matrix ABABTAT =Y m

3.2 Asymptotic relative efficiency

We first compute the asymptotic relative efficiency of the test based on Vi

relative to the normal theory competitor.

Taking § = M~Y/2 by (3.2),

A N7 [ijn (8) = pijn (0)]

‘ ~ 1
— J\}EHOON 3/2 (n; + nj)n; [FZ (n:i) — 5]

j

= i N g () P (00— o ()

= Jim [@;’? (3" o 0;- 0+ o<1>]

= (pv) XN f () (05— 6;) . (3.5)

Assuming the sequence of alternatives HM, the limiting distribution of the test

statistic can now be established.

Theorem 3.2 For cach index M assume that the hypothesis HM is true. Suppose
F(z) has strictly positive, continuous density f(x) is some neighborhood of . As
M — oo, N/M — py, the limiting distribution of

c—1 c
NTEZ™ S by (ni 4 ny) (Mg — ni/2)

=1 j=i+1
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c—1 c .
= N7 37 bigl(ni + ng) nik (i) — pign (0)]
1=1 j=1+1
s normal with mean
c—1 c
(P2 () D0 D2 bihid;(0; — 6:) (3.6)
1=1 j=1+1

and variance b'%b.

Proof: Write

N_?’/ch_: E bijl(ni + nj) i (i) — pign(0)] =

i=1 j=i+1
NIV NS S b (6) = i (0) 40, (1) G0
i=1 j=i+
By Theorem 3.1, the first term of (3.7) is limiting normal with mean 0 and variance
b'Sb. Applying (3.5) and Slutsky’s theorem proves the result. m
The normal theory competitor is based on the statistic
=1 ¢
Ty = N3 37 bijtin,
i=1 j=i+1
where t;;n = nin;(X; — X;), with X; = S5, Xi/n;. Assume that o? = Var(Xy)
is finite. For the test based on Tx let N = N(M) with N/M — pr < co. Under
the sequence of translation alternatives specified above with F;(z) = F(x — 6,5) it
can be shown (see Puri (1965)) that the limiting distribution of 7 is normal with
mean

(PT)I/Qci Z bijAir;(6; — 0;), (3.8)

i=1 j=1+1
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and variance b T'b, where I is the d x d matrix

AN N+ X)) i=k, j=m,

oA A A i—k, j#m,
(D) ipyem) =7 T2 NiA A i # k, j=m,

AN A j=k

0 otherwise.

Corollary 3.1 Suppose F(-) is such that F(n) = 1/2 is unique, F(-) has strictly
positive, continuous density f(-) in some neighborhood of n, and that F(-) has finite
first moment £ and finite variance o?. Then the asymptotic relative efficiency of the

test based on V relative to the test based on T is
evy (F) = 4o f? (n). (3.9)

Proof: Let N’ be the sample size for the test based on 7', N'/M — pr. In order for
the two tests to achieve the same power under the sequence HM, the non-centrality

parameters (3.6) and (3.8) are equated:

(ov)'2 F () ST Sy by (0; = 05)  (pr) P 06Th i bighid; (0 — 6:)

b7xp] " b7T8) "
(3.10)
To complete the evaluation, write
N'(M
N Non (5 e

This ratio is found by solving (3.10) for pr/py (using I' = 46*Y), and evaluates to
(3.9). m

Now consider a pairwise comparison statistic based on Chernoff-Savage
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statistics. Let J, be a (score) function, defined at 1/n,2/n,...,n/n, and extended

to (0, 1] by letting it be constant on [v/n, (v + 1)/n). Letting

A

+oo A A
then the statistic
c—1 c
WN = N_3/2 Z Z bijnmj'wij
1=1 j=i+1
is a competitor to V. Typically the function J,[v/(n)] is taken to be the expected
value of the v-th order statistic of a sample of size n from some continuous dis-
tribution function or the v/n-th quantile of that distribution function. For the
Mann-Whitney rank statistic, J(u) = u, 0 < u < 1. The normal-scores statis-
tic is generated by J(u) = ® *(u), 0 < u < 1. Puri (1965) makes the following

assumptions.

BI. ]\Lim Jn(u) = J(u) exists for 0 < u < 1 and is not a constant.

— 00

B2. {Jnﬁ_nj [FM (;17)] —J [FZ] (:c)] } dF’ (z) =0, (N_I/Q), where

Ini-l-nj

Im+nj:{$:0<f7ij(;v)<1}, I<i<j<e
B3. Jy(1) = o( N'/?).

B4. |JO(u)| = [dVJ/duD| < K[u(l —w)]*~Y/*7, i =0,1,2, for some K and some

6> 0.
In addition, assume the following hold (Hodges & Lehmann, 1956).

B5. F(-) is a continuous distribution function, differentiable in each of the open
intervals (—oo, a1), (a1, az), -, (ag-1,ax), (ak,o0) and the derivative of F(-) is

bounded in each of these intervals.
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B6. The function (d/dz) J[F(z)] is bounded as * — +oo.

Lemma 3.1 (Puri (1965)) Assume Bl - B6 hold. For each index M assume that
N = N(M) such that N/M — pw > 0, and that the hypothesis HM is true. Then

the statistic Wi has a limiting distribution with mean

S 3 bty 05— 0) [{ a1 (1 dr (o

i=1 j=1+1

and variance bY Yb, where Y is the d x d matriz

QA (Ai+ ) 1=k, j=m,

QAiXjAm 1=k, j#m,
(D) ijyoem) =1 QAN Ak v # k, j=m,

QAN j=k

0 otherwise,

with Q = fy J? () dx — [fol J(z) dI]Q.
Proceeding as in the proof of Corollary 3.1 we have the following.

Corollary 3.2 Let F' be a continuous distribution function with unique median 7
and strictly positive, continuous density f(x) in some neighborhood of n. Further,
assume the functions Jy,1n; and F satisfy conditions B1 - B6. Then the asymptolic

relative effictency of the test V relative to the test W is given by

L2 ) {30 () do = 13 0 (o) da] '}
(= (LT [F (@)} dF (x))°

ev.w (F) =

The efficiencies ey 7 and ey are the same as found by Chernoft and Savage

(1958) for the corresponding procedures in the two-sample problem, and shown
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by Puri (1964) to be valid also for the multi-sample problem with unrestricted

alternatives.

3.3 Equivalent statistics

Each test based on the normal theory statistic Ty = 3, c;jnin; (7]- —72-)
can be written in the form Ty = Ef;ll cininigy (724_1 —Yi), where the ¢} are functions
of the ¢;; and n;. A natural question is whether a similar reduction holds for Viy. The
purpose of this section is to develop the framework under which such an equivalence
can be established. Having done so, it will be possible to derive tests that are “most
efficient” against a given sequence of alternatives.

Let Un and Uy be two statistics for testing Hy versus H;. Tryon and

Hettmansperger (1973) define Uy and U} to be equivalent provided
1. Under Hy, U}y — Uy 2 0, and
2. The asymptotic relative efficiency, ey« (F'), is unity for any choice of F'in Q.

We shall demonstrate that for each d-vector of coeflicients (weights) b, there exists

a corresponding d-vector b* such that:
o Vn(b) = N=3/2pTV  and Vn(b*) = N-32p*TV  are equivalent, and

e The elements of b™ assign non-zero weight only to comparisons between adja-

cent groups, i.e.,

=0, j#i+1,i=1,...,c— L (3.11)

Another benefit of such a result is in reducing the number of pairwise tests to be
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computed from ¢(¢ —1)/2 to ¢ — 1, a considerable improvement for even moderately
large c.

Lemma 3.2 Let A be a d x ¢ matriz with components

A 1=k,
(A)(ij)k = Ak = =N J=k,
0 otherwise.

Let b # 0 be a fized d-vector. Then there exists a d-vector b™ such that (3.11) is

satisfied and [bT — b*T)A = 0. The elements of b* are given by

k

briher) = Z S bmidi = D b, k=1,....c—1. (3.12)
)\k)\k‘l'l m=1 j>m <m

(The structure of the matrix A is displayed in Figure 1.1, page 12.)

Proof: To solve the relation [bY —b*']A = 0 requires the following identity to hold
foreachk:1 <k <e:

c—1 c
E E [bw b; ] (ij)k =0
=1 7=:+1

For fixed k : 1 < k < ¢ this is equivalent to

bZ(k-I—l))\k‘Fl — bzk—l)k)\k—l - Z bk])\] — Z bzk)\z

>k i<k

Substitute (3.12) into the left-hand side of (3.13):

(3.13)
b};(k-}-l))‘k-i—l - b(*k—1)k)‘k—1 =

1 k
kN\k+1

m=1 i>m <m




44

1 k—1
s S e | T baihy = 3 b b
Ak—1Ak

m=1 i>m i<m
The two summations over m differ only by the index m = k in the first of them; the
expression reduces to verify that (3.13) holds. m
We now exhibit a test based only on comparisons of adjacent treatment

groups that is equivalent to the test N=3/2p7V .

Theorem 3.3 For each non-zero d-vector b and corresponding test in L, there exists
a vector b*, and corresponding test in L*, such that (3.11) holds and N-32pTV

and N=320"TV y are equivalent.

Proof: Assume that Hy is true. Take A asin (1.15). Apply Lemma 3.2 to construct

b* such that [b7 — b*"]A = 0. Using the representation of (1.13) we have

Vv (b) = Viy (b") = [b" —b"T| N3V =

b7 — b | ABNSy + b7 — ") (Ay — A) BySy + b7 — b | Ry, (3.14)

The terms of (3.14) are, respectively, identically 0, o, (1) and o, (1), therefore the
expression converges in probability to 0. As a result, Viy(b) and Vi (b™). have iden-
tical limiting distributions under Hy. (An alternate argument would demonstrate
that [b7 — b*"]2[b—b"] = 0.)
It remains to be shown that the two statistics have an asymptotic relative
efficiency of 1. This requires
c—1

c—1 c
DD bididi (0= 00) = D by didia (01 — 05). (3.15)
=1

1=1 j=1+1
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Fix k: 1 <k < c. The coefficient of 6; on the right-hand side of (3.15) is given by

bzk—l)kAk—lAk - bZ(k+1))‘k)‘k+1 = A [bzk—l)k)‘k—l - bZ(k+1))‘k+1] .
By (3.13)
e [0 yedeot — by dean] = M {Z bikhi — Y bkj/\j}
i<k >k

= Z birAi A — Z bk])\k)\]

i<k >k
This is precisely the coefficient of 6 in the left-hand side of (3.15). The statement

is true for each k and any 6;, hence the sums in (3.15) are identical. m

3.4 Optimal weighting coefficients

In view of the previous section’s developments, restrict attention to the
class £* of statistics based on linear combinations of Mood statistics for adjacent
samples. Let viy = [(ni + nip1) M i41) — pan], where pin = (75 + 21 )i Fi(ni (i41))-

Denote the (¢ — 1)-vector of v;y by V. L* consists of the statistics
Vy (b) = N*/%pTV

where b is now a (¢ — 1)-vector of coefficients.

Under Hy the asymptotic distribution of Vi (b) has been shown to be nor-
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mal with mean 0 and variance b’ b where ¥ is (c—1)x (c=1):

Aidivr (A + Aig1) S
j=1i,
4
A1 AN
oi; = _2142 J+1 j=it1,
0 otherwise.
Hence
1 c—1 1 c—2
b'b = 1 SN (A + i) — 3 > bibipi A iy Aigo
=1 1=1

Under the sequence of translation alternatives HM the distribution of Viy(b) is lim-

iting normal with mean 0 and variance ¥ $b. The efficacy is given by

c—1 2
fn) Z Aidiy1(ip1 — 65)
=1

b'%b

cy =

(The efficiency of one statistic with respect to another is the ratio of the two effica-
cies.)

Fori=1,...,c—1,let 6; = (8iy1—0;)/(0.—61), with & the (c—1)-vector of
0;. We shall refer to the ¢; as the relative spacings. For the sequence of hypotheses
H{W which specify 0;5 = HZ/W the §; remain constant.

Consider testing a restricted alternate hypothesis, one in which the relative

spacings 6; are assumed known, i.e.,
Hy:6=0vs. Hy: 6 >0,

where, under H,, § > 0 is fixed. It is now possible to select a weighting vector b for
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which the efficacy of the test is maximized. Reparameterize in terms of the 6;:

=1

3

cy =

f2 (77) (00 - 91)2 (Cz_: bi)‘i)‘i+16i)

It is convenient to make another change in notation. Let A be the (¢ —1) x (¢ —1)

diagonal matrix, (A); = AjAi41, and let I' be the (¢ — 1) x (¢ — 1) matrix

Ai + Aipa y
X Nia —
1 P
Yij = 4)\7' J =1 )
0 otherwise.

Then b7Sb = bTATAb, and
c—1 2
(}:bWMAHJ@) = b"A667Ab
=1
Write ey as follows:

(b"T6)’
b' (ATA) b

, b7 (A8) (A8)T b

bTATAb = f*(n) (0. — 6,)°

ev = f*(n) (6. — 61)

Theorem 3.4 A vector b which mazimizes ey for a given vector A§ s
b= (ATA)""AS = A7'T16.

Proof: The result is a standard result in matrix theory (see Arnold (1981), page
339, Lemma 18.14). It is contingent on the non-singularity of the matrix AI'A. That

A is non-singular is clear from its diagonal structure. Let I'* be the (¢ —1) x (¢ —1)
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symmetric matrix given by

4 (Ekgi )‘k) (Ek>j )\k) 1 <7,

(M) = -
4 (Lrsi Ak) (Ekgj )\k) P> J.

Direct multiplication shows that I'*T = T'T"* = I, hence T is invertible (I'"* = T™*);
the condition is met. m
Note that for any given vector of weights b (including l;) the efficacy is
invariant under multiplication of b by a constant. The efficacy of the optimal test
is given by
(A7'T18)" (A8) (AS) (A'T16)
(A-1T-18)T (ATA) (A-1T-18)

ev = f2(n) (0.~ 01)°
= f*(n)(0.—6,)*6'T7'8.

The efficiency of the optimally weighted test relative to a test with weights b is then

(57018) (0) _ (570718) (473
“bb = T—s 2= TASeTAD (3.16)
(22'21 biAidit1 52') . y

For the equal sample size, equal relative spacings case the optimal vector

is given by (I;)izi(c—i),iz 1,...,c—1.

3.5 Examples

Take ¢ = 3. We adopt the convention of setting 6; = 1, and scale the

solution so that b; = 1. For such a case the optimal weighting vector is given by

5 A+ (A1 4 A2) 69
: (A2 + A3) + A3bq .
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For the equal sample size design the optimal vector is I;T = [1,(1+26)/(2+62)]. In
the case 6, = 1 (i.e., the relative differences between the three adjacent population
locations are equal) the optimal vector assigns equal weight to each of the adjacent
pairwise comparisons. This test is equivalent to the test in £ that assigns equal
weight to each of the pairwise comparisons. (For equal sample sizes within groups,
the optimal test for equal relatives spacings is equivalent to the all-pairs, equal
weights test. This is not the case when the sample sizes are unequal.)

Continuing with the example, suppose that \; = 1 — 2a, Ay = A3 = ¢,
where 0 < a < 1/2. Such a design corresponds to a situation in which the treatments
are ordered a priori, with the first population being an experimental control. Exper-
imental units are then allocated to the second and third groups in equal proportions.
Assuming equal relative spacings, the optimal vector is given by b = [1,2/(3a)—1].
Using (3.16) it is possible to compute the efficiency of the optimally weighted test
relative to that which assigns all b;; = 1:

(5 —9a) (1 — ba + 8a?)
TEr

b (@) =

A plot of e(a) is shown in Figure 3.1. At a = 0,e(a) = 5, from that
point e(a) decreases to a minimum of 1 at o = 1/3 (the equal sample sizes case).
Thereafter e(a) rises, to a local maximum of e(.451416) = 1.16207, after which
the function again descends to a value of 1 at o = .5. e(1/6) = 1.96; for “near”
alternatives the optimally weighted test requires approximately one-half the sample

size as does the all-pairs equally weighted test in order to acheive the same power.
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Figure 3.1: A.R.E. of Optimally Weighted Test Relative To All-Pairs, Equal Weights

Test
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3.6 Remarks

Tryon and Hettmansperger (1973) have proposed a weighting scheme for
the pairwise adjacent Chernoff-Savage tests introduced early. The analysis is con-
fined to equal sample sizes within groups. In such a case the weighting coefficients
they derived are identical to those developed here.

Assuming a more general sampling scheme, it seems reasonable to expect
that the results derived here apply to the test Wy based on the score function J(u).

As such, we state the following.

Corollary 3.3 Assume that Jy, 4n,(u) satisfies conditions B1 - B6. Then

1. For each d-vector b there exists a d-vector b™ such that the statistics based
on these two vectors are equivalent and b; has non-zero components only for

j=i41.

2. Restricted to the class of linear combinations of adjacent pairwise statistics
and assuming hypothesized relative spacings, there exists an optimally weighted
statistic. Further, the vector of optimal coefficients is computed in the same

fashion as demonstrated in Theorem 3.4.

The details of proof are omitted. The result applies largely because the form of the
efficacy for the W test is similar to that of the V test. It has already been noted
that T =4QX.

Tryon and Hettmansperger conclude that the optimal test against equal
relative spacings is fairly robust (in terms of lost efficiency) to various configura-

tions of &, the true vector of relative spacings. As the above example illustrates,
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this robustness does not apply so generally to configurations of the sample propor-
tions. This point has not been addressed in the literature. Robertson et al. (1988)

comment:

If one believes the distributions are nearly “equally spaced,” then the
Jonckheere-Terpstra test, or Puri’s modification of it using scores, should
be used.

Outside of the equal sample sizes design this remark is not true. If it is desired
to test, using these methods, with power concentrated at any vector of relative
spacings, the methods demonstrated here will produce the proper coefficients.
The relative spacings against which a given test is optimal are given by
6 = I'Ab (in the all-pairs case first compute the equivalent). Consider another
version of the pairwise Mood test procedure,
=1 ¢
Vi =N23" 5 (M —ni/2).
i=1 j=i+1
Taking b;; = (A; + A;)7!, the (“scored”) version studied in this chapter produces
essentially the same test as V3. The relative spacings against which this test is
optimal are not equal to the relative spacings against which
=1 ¢
Vv = N_I/ZZ > (i +ny) (Mij — ni/2).
i=1 j=i+1
is optimal. For AT = [(1 —2a), , a], the test Viy is optimal against relative spacings
87 =[(1 — a),2a], V¥ is optimal against 87 = [(1 + «),2(1 — a)].
As a final remark, a third sign-scored method for testing H; is based on

the statistic
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where 7 is the aggregate sample median. V3* resembles the Mood statistic for the
c-sample problem, unrestricted alternative. It can be verified that Viy(b) and V3*(b)
are also equivalent. (The parametric test based on differences between medians is

another equivalent.)
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Chapter 4

Comparison of Procedures

This chapter begins with an asymptotic comparison of the statistics devel-
oped in Chapter 3. In testing an order restricted model it cannot be assumed that
the relative spacings are known. What is of interest is the robustness (in terms of
efficiency) of the relative spacings to mistaken assumptions on them. A variety of
weighting schemes will be compared.

Following this we develop the asymptotic distribution of a competitor to
the pairwise testing procedure, Y%, the sign-scored analogue to the Y* test developed
by Bartholomew (1959).

Lastly, the powers of various pairwise statistics and that of the Y% statistic
will be simulated and compared for a collection of sample configurations and relative

spacings.

4.1 Efficiency comparisons

Asymptotic relative efficiencies are presented for various weighting schemes.
In each case a specified set of relative spacings has been selected. In practice, precise
information on the relative spacings will not be available, although the experimenter
may have some predisposition regarding the nature of the response. The tabled val-
ues show the effect that a mistaken assumption has on the efficiency of the test.

Four sample configurations have been selected: equal sample sizes, sam-
ple sizes descending (linearly) by treatment index, a “lightly” control dominated

configuration (the control sample being twice the size of each of the others), and
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a “heavily” control dominated configuration (the control sample being one-half the

entire sample, with all other sample sizes equal).

The selected relative spacings are labeled A—H. Descriptions are given be-

low. For the case ¢ = 10 the response curves corresponding to these spacings have

been plotted in Figures 4.1-4.8.

AA .

€1:

. Convex quadratic: 6; =12, 1 =1,...
. Convex exponential: §; =271, 1 =1,...

. Partial sums of the harmonic series: 6; = 1/i, 1 =1,...

Linear response: 6; =1, 1 =1,...,c— 1.

. Linear, with the exception that the spacing between the locations of the two

“middle” treatment groups is double that of the other spacings: 627 =

2, 6 =1, i+ [c/2].

. Linear, with the exception that the spacing between the locations of the first

and second treatment groups is ten times that of the other spacings: ¢6; =

1+.16G—1),i=1,...,c—1.

c— 1.

?

c— 1.

?

c— 1.

?

Concave exponential: & = 1/271, i =1,...,¢— 1.

Concave quadratic: 6; =c—t+1, t=1,...,c— 1.

In each case the following are computed:

efficiency of the optimally weighted test relative to that which is optimal for

the given sample configuration and relative spacings given by A,
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Figure 4.1: Response Curve A: Linear

1.0 1
0.8
0.6 1
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1 2 3 4 5 6 7 8 9 10
Treatment

Figure 4.2: Response Curve B: Linear With Double Spacing Between the Middle

Groups
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Figure 4.3: Response Curve C: Linear With Ten-fold Spacing Between the First

Two Groups
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Figure 4.4: Response Curve D: Convex Quadratic
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Figure 4.5: Response Curve E: Convex Exponential
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Figure 4.6: Response Curve F: Partial Sums of Harmonic Series

28
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Figure 4.7: Response Curve G: Concave Exponential
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Figure 4.8: Response Curve H: Concave Quadratic
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eq: efficiency of the optimally weighted test relative to that which is optimal for

the equal sample size configuration (I) and given relative spacings, and

es: efficiency of the optimally weighted test relative to the test given by all pairwise

comparisons, equally weighted.

Results are tabulated for ¢ = 3,4,5,7,10. The author has values for cases
¢ = 6,8,9, as well as the optimal weighting coefficients for each combination of
sample configuration and relative spacings.

The results in Table 4.1 agree with those for the equal sample-sizes pairwise
rank tests given in Tryon and Hettmansperger (1973), who tabled values for the
relative spacings given by A-E.

The efficiencies e, reinforce the remark made in Section 3.5. The optimal
test for equal sample sizes and the given relative spacings (denoted ‘N/) is generally
quite inefficient when sample sizes are unequal.

The test weighted for the given sample sizes and equal relative spacings
(V*) is quite robust against the violation of equal relative spacings. Only against
the alternatives specifying an exponential response curve, where the spacings are
doubling and halving, respectively, is the optimal statistic Va significant improve-
ment.

The all-pairs, equal weights test, V' performs slightly better than does V*
for alternatives of the concave nature. Elsewhere, V* is more efficient than is V. It
appears that V' is most powerful when the relative spacings and sample sizes increase
(decrease) together.

These points are reinforced by the simulation presented in Section 4.3,

where V, V and V* are compared with the sign-scored version of the Y? test.
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Table 4.1: Asymptotic Relative Efficiencies, Equal Sample Sizes

Response Curve

c A B C D E F G H

3 e =es 1.000 1.037 1.001 1.037 1.037 1.037 1.037 1.037
4  eg=-e3 1.000 1.020 1.002 1.050 1.087 1.065 1.087 1.050
5 e =es3 1.000 1.018 1.003 1.056 1.148 1.087 1.148 1.056
7 e =e3 1.000 1.010 1.005 1.061 1.298 1.119 1.298 1.061

10 €3 =e3 1.000 1.006 1.008 1.076 1.567 1.152 1.567 1.076

¢ — [A, g, A
3 — all)\=1/3
4 — allX=1/4
b5 — all A\, =1/5
T — all A, =1/7
10 — all \; =1/10

For equal sample sizes the efficiencies ¢; and e3 are identical; the efficiency e; is

identically 1 in all cases above.



Table 4.2: Asymptotic Relative Efficiencies, Descending Sample Sizes

Response Curve

C D E F

10

€1
)
€3

€1
€2
€3

€1
€2
€3

€1
)
€3

€1
)
€3

1.000
1.250
1.020

1.000
1.309
1.029

1.000
1.327
1.033

1.000
1.333
1.037

1.000
1.330
1.039

1.046
1.377
1.136

1.026
1.325
1.072

1.023
1.404
1.098

1.014
1.387
1.087

1.008
1.352
1.060

1.001 1.046 1.046 1.035
1.266 1.377 1.377 1.158
1.030 1.136 1.136 1.002

1.002 1.065 1.110 1.063
1.339 1.515 1.600 1.171
1.046 1.197 1.280 1.008

1.003 1.074 1.193 1.086
1.368 1.572 1.794 1.167
1.057 1.229 1.448 1.015

1.005 1.083 1.416 1.122
1.391 1.608 2.200 1.153
1.072 1.260 1.878 1.031

1.009 1.088 1.892 1.160
1.407 1.614 2.944 1.139
1.089 1.277 2.800 1.050

1.035
1.158
1.002

1.078
1.159
1.012

1.128
1.143
1.030

1.244
1.112
1.086

1.444
1.082
1.198

1.035
1.158
1.002

1.043
1.220
1.001

1.046
1.200
1.001

1.047
1.206
1.001

1.096
1.263
1.048

9

S 1 Ot = W

[)\17)\27 o '7)‘0]

(3,2,1] =6

[4,3,2,1] = 10

5,4,3,2,1] = 15
[7,6,5,4,3,2,1] ~ 28
[10,9,8,7,6,5,4,3,2,1] ~ 55
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Table 4.3: Asymptotic Relative Efficiencies, Lightly Control Dominated

Response Curve

c A B C D E F G H

3 e 1.000 1.031 1.001 1.031 1.031 1.028 1.028 1.028
ep 1.222 1.222 1.224 1.222 1.222 1.195 1.195 1.327
es 1.010 1.080 1.016 1.080 1.080 1.004 1.004 1.004

4 e 1.000 1.016 1.001 1.046 1.080 1.050 1.066 1.039
ex 1.288 1.283 1.280 1.224 1.201 1.296 1.295 1.304
ez 1.009 1.036 1.018 1.098 1.144 1.016 1.026 1.012

5 ey 1.000 1.015 1.002 1.055 1.145 1.070 1.114 1.045
e; 1.296 1.260 1.278 1.198 1.150 1.350 1.355 1.351
es 1.007 1.036 1.017 1.101 1.213 1.032 1.063 1.020

7 e 1.000 1.009 1.005 1.064 1.308 1.103 1.233 1.052
e; 1.269 1.239 1.237 1.153 1.081 1.398 1.423 1.362
es 1.004 1.020 1.016 1.098 1.375 1.064 1.167 1.032

10 e 1.000 1.005 1.008 1.070 1.599 1.142 1.446 1.057
e; 1.220 1.204 1.180 1.113 1.038 1.410 1.477 1.322
es 1.002 1.009 1.017 1.091 1.658 1.108 1.369 1.043

¢ — (A g 4]

3 — A =1/2, all other A\; = 1/4
4 — A =2/5, all other A, =1/5

5 — A =1/3, all other A\, =1/6

7T — A =1/4, all other \; =1/8
10 — Xy =2/11, all other A\; = 1/11



Table 4.4: Asymptotic Relative Efficiencies, Heavily Control Dominated

Response Curve

c A B C D E F G H
3 e; 1.000 1.031 1.001 1.031 1.031 1.028 1.028 1.028
ey 1.222 1.222 1.224 1.222  1.222 1.195 1.195 1.327
ez 1.010 1.080 1.016 1.080 1.080 1.004 1.004 1.004
4 e; 1.000 1.014 1.001 1.043 1.075 1.043 1.057 1.033
e, 1.938 2.034 1.942 1.888 1.817 1.795 1783 1.852
ez 1.025 1.056 1.037  1.137 1.189 1.003 1.008 1.005
5 e 1.000 1.012 1.002 1.050 1.133 1.055 1.087 1.035
ey 3.145 3.112 3.143 2935 2.526 2.732 2.666 2.986
ez 1.036 1.078 1.054 1.174  1.312 1.004 1.015 1.008
7 e 1.000 1.007 1.004 1.058 1.289 1.073 1.149 1.037
e, 6.983 6.825 6.835 5.817 3.515 5483 5.052 6.891
es 1.051 1.080 1.080 1.220 1.601 1.006 1.031 1.015
10 e 1.000 1.003 1.007 1.065 1.588 1.092 1.231 1.037
ey 15.828 15.625 14.647 11.136 3.952 11.483 9.549 16.700
es 1.063 1.079 1.106 1.256  2.111 1.009 1.054 1.022
c — [)‘17)‘27"'7)‘0]
3 — A =1/2, all other \; =1/4
4 — A =1/2, all other A\; = 1/6
5 — A =1/2, all other \; = 1/8
T — A =1/2, all other \; = 1/12
0 — A =1/2, all other \; =1/18
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4.2 Sign-scored Y* test

Let F() denote the aggregate sample distribution function and define 7 to

be the median of the aggregate sample:

ﬁ:inf{a@:ﬁ(ﬂ@)zl/:z}a

Take F7(7) to be the antitonic regression of the Fz(ﬁ) with respect to the weight

K3

vector wk, = [n1/N,...,n./N]. The antitonic regression can be computed by the

pool adjacent violators algorithm (PAVA), and is the projection of the (ordered)
vector of Fl(ﬁ) onto the closed, convex cone of vectors antitonic with respect to the
simple order and weights wy. The projection operator is continuous with respect
to both its weights and its argument (Robertson et al. (1988), page 205). Then the

sign-scored analogue to the ¥ test for testing H; is given by
X5 = D 4ni[F7 () — 1/2]".
=1

Let Y be a vector of independent normal random variables, Y; ~ n(0, A\;!),
Y = Y%, \;Y;. Denote by Py (Y —Y1|Z) the projection of [Y —Y1] onto the set of
c-vectors T = {a:a; > -+ > a.}, with weights given by the ¢-vector of A;, denoted
A Py\(Y - Y'1|Z); is defined to be the ith component of the projection; a standard

result is that Py (Y —Y1|Z) = Py\(Y|T) - Y1.
Theorem 4.1 Assume F(-) is continuous at n: F(n)=1/2.

1. Under Hy

X5 S 1Py (YIT) =Y} = Z Apa (Y -7) |
=1
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2. Let X;,i=1,---,c denote the subsample means and take X to be the aggregate

sample mean. Let X! denote the isotonic regression of the X;. Define
—2 1 - * =\ 2
0" =1
Then, under the sequence of alternatives HM | further assuming F(-) to have
a continuous density in some neighborhood of n and finite variance o*, the

asymptotic relative efficiency of the test X% relative to X5 is given by

X%, X% (F) =4f*(n) o’

Proof: Assume the existence of °: 35_; A\ Fi(n°) = 1/2, where, for all ¢, F;(-) has

a continuous density f;(-) in some neighborhood of n°. Define

C C

v ) =102 C =Y NE).

Using methods demonstrated in Chapter 2 write
Uy =AnSN + Ry.
where
o Uy is the c-vector of 2N'2[Ey(#) — Fi(nn)],
o Sy is the c-vector of 2n"*[Fi(yy) — Fi(nn)],
o Ay is the ¢ x ¢ matrix

_filn®)ng (N i
CN n]‘

(AN)Z']‘ =

otherwise,

(4.1)
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e Ry is a c-vector of terms o,(1).

Under Hy, Uy is limiting normal with mean vector 0 and covariance matrix
Y with elements o; = (1 — A;)/A;, and o;; = —1,¢ # j. This is precisely the
distribution of [Y — Y1].

Write

K= 3R Py [NV (F1) - 1/2) 7]} = 30 5 P, U1

Appealing to the continuity of the projection,

— . n; [ — — 2 —
Vs =2 3 P [UITLY 5 30 [Py (Y = VAT) | = [Py (Y1T) - V1 3.
=1 =1
The random variable || Py (Y'|Z) — 71”2)\ is distributed as the Y? random variable,
therefore

lim P [x%>a] = ZC:P(i,k,A)P iy >,
=1

N—co

where the P (i, k,A) are the level set probabilities (given weight vector A) and y2

denotes a Chi-square random variable with v degrees of freedom ( x3 = 0).

The efficiency result is now verified. Define the c¢-vectors U n(0), U n(6)

and Apx(0) as follows:
(Un(0), = 2N[E(H) - 1/2],
(Un (), = 2NTPIE(H) — Fi(ny)),

(A (8)), = 2N"'[Fi(ny) - 1/2].
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Then, using (4.1),
Un(0)=Un(0)+An(0)=AnSn + AN (8) + Ry,

where R, is a c-vector of terms o, (1), and, for each N (M), ny and 1° are computed
under the assumption that HM is the true hypothesis, N = N(M) with N/M — ps.
As M — oo, Sy converges in law to a c-variate normal random vector M

with 0 mean and identity covariance matrix. Ay — A where

1= )N =,

(A)i; =
AT i 4 .

The vector An(6) converges to the vector A having ¢th component
(A)i = lim (An(8)); = lim 2NY*[F; (nv) = 1/2] = (ps)/*2f (n) (6: = 0) ,

where 8 = °¢_, 0;; the details being essentially the same as those provided in Chap-
ter 3. Ry & 0, hence the limiting distribution of U 5(0) is normal with mean vector
A and covariance matrix 3.

Let Tx be the random vector having ith component N'?(X; — X)/o,
where X is the aggregate sample mean. Under the sequence HM, with N'/M — pr,
it can be shown that the limiting distribution of the vector Ty is normal with mean
vector A’ and covariance matrix ¥ where

(pr)'/* (0 - 0)

g

(A%); =

Again appealing to the continuity of the projection operator, as M — oo the two

tests will have equal power at the same sequence of alternatives when A = A’. The
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result follows. m
The asymptotic relative efficiency of Y% with respect to the Chernoff-Savage
analogue to the Y test can be established in a similar fashion (see Robertson et al.

(1988), pages 207-208), and is identical to that given in Corollary 3.2.

4.3 Simulations

A simulation study was performed to compare the pairwise Mood tests to
the Y% test. The selected sample configurations are identical to those chosen for
the efficiency comparisons (see Figures 4.1-4.4). We assume that n;/N = A;. The

selected response curves follow. (The lettering scheme is described on page 55.)
e Linear (A).
e Convex quadratic (D).
e Concave quadratic (H).
e Convex exponential (E).
e Concave exponential (G).

The response curves corresponding to these relative spacings are displayed in Figure

4.9 for the case ¢ = 10 (see also Figures 4.1, 4.4, 4.5, 4.7 and 4.8).

4.3.1 Design

The simulation was written in S-PLUS. Fortran code for weighted iso-
tonic regression written by Ryan (1990) was translated into an S-PLUS function

to compute an antitonic regression. For each combination of sample configuration



Response Location

Response Curves: 10 Sample Design

G
H
A
D
E

Treatment

Concave Exponential
Concave Quadratic
Linear

Convex Quadratic
Convex Exponential

Figure 4.9: Response Curves Used in the Simulation
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and relative spacings 10,000 samples were drawn. The significance level was set at
a = .05. Preliminary simulations were used to select location shifts achieving power
centered about 0.5. The standard error of each value for simulated power is then no
greater than 0.05.

The following statistics were considered:

V: The adjacent pairs test, optimally weighted for the relative spacings as se-

lected,
V: The equivalent to the all-pairs, equal weights test,

V*: The adjacent pairs test, optimally weighted for equal relative spacings, and

X%: The sign-scored version of the Y? test.

The statistic optimally weighted against equal sample sizes and the given relative
spacings (‘N/) was not computed; efficiency results indicate that this test is generally
inferior to V, V, and V*. The statistics V, V, and V* were implemented with a
continuity correction. Calibrations under Hy for a selected number of these tests
proved quite accurate.

For the equal sample sizes case, critical values for the Y2 statistic are tabled.
For unequal sample sizes and ¢ < 4, exact critical values were computed. Calibra-
tions under Hy were run to establish the integrity of these critical values. A slight
conservatism was noted in some cases. In those cases the significance level for the
tests V, V, and V* were set at the simulated levels (10,000 samples) of the Y% test,
values ranging from 0.0434 to 0.0462.

For unequal samples sizes and ¢ > 5 the situation is more difficult. The

exact level probabilities are intractable. In the case of increased precision in a
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control (configurations III and IV), the recommended approximation was developed
by Chase (1974). The approach is to compute the Y? statistic twice, first using
the level probabilities for the equal sample sizes case, then using limiting values for
the level probabilities for the case in which the control sample mean is assumed
fixed at the true mean. To compute a p-value Chase recommends interpolating
on the two obtained p-values, with the interpolation on w='/? where w = (A1/)\;).
This approach was studied by Robertson and Wright (1982) and was found quite
accurate. For this study, each approximation was calibrated with 10,000 samples
under Hy, the resulting simulated levels for these approximate tests ranged from
0.0474 to 0.0532. These simulated levels are within 1.5 standard deviations of the
expected value of 0.05. As such, in this setting the significance levels for V, V., and
V> were set at o = 0.05.

For sample configuration IV an approximation based on the pattern of large
and small weights, studied and recommended by Robertson and Wright (1983), was
considered. The calibration procedure revealed a serious conservatism in results
(simulated significance levels ranging from 0.01 to 0.03). The statistic was therefore
simulated for 20,000 samples under Hy, and the critical values were set at the 0.95
quantile of the simulated values. A comparison of the approximated and simulated
critical values was not made; the method of Robertson and Wright relies on an

approximation to the level probabilities that only implicitly defines the critical value.

4.3.2 Results

The adjacent pairs test, optimally weighted for (assumed) known relative

A

spacings (V') is superior to its competitors, particularly for larger ¢ and against

the more severe examples of increasing the relative spacings. If information on the
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relative spacings is available, or can be hypothesized, V is recommended.

The optimal test against equal relative spacings, V*, is nearly as powerful
as V against the quadratic response curves. 14 outperforms Y% against the linear
and quadratic response curves. Against the convex exponential response curve and
for ¢ > 5, Y% is superior to V*. This result is expected, as Y% is protecting against
the entire response region. For control dominated samples (Tables 4.7 and 4.8), V*
compares favorably with Y% against the concave exponential response curve.

Efficiency results indicate that V., the equivalent to the all-pairs, equal
weights test, is generally inferior to V* except against alternatives in which the
relative spacings and sample sizes decrease (increase) together. The simulated
values reflect this (see Table 4.6). V was generally less powerful than its three
competitors—taring better than V* only against the convex exponential response
curve.

In summary, the adjacent pairs, optimally weighted test, V, and the ad-
jacent pairs, optimally weighted for equal relative spacings, V*, are recommended
when it is reasonable to assume something about the nature of the response curve.
V* is nearly as powerful as is V, provided the increases in relative spacings are not
sharp. V* is superior to Y% when the assumption of equal relative spacings is not
seriously violated.

To protect well against all non-decreasing response curves, the Y% test is
both appropriate and effective. The statistic V* is far less powerful than Y% when
the response curve has flat regions and/or sharp jumps.

It seems reasonable to expect similar results for tests based on Chernoftf-

Savage statistics.
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Table 4.5: Simulated Power, Equal Sample Sizes

Response Curve

Linear Quadratic Exponential

(¢, N) Convex Convex
(348) = (V) 054 0.47 0.47
(V5 0.54 0.52 0.52
7 (x%) 043 0.42 0.42
(448) = (V) 050 0.47 0.52
(V5 0.50 0.47 0.52
7 (%) 045 0.42 0.48
(560) = (V) 050 0.54 0.52
x(V*)  0.50 0.53 0.45
7 (x%) 0.8 0.47 0.46
(7,70) = (V) 052 0.53 0.55
7 (V5 0.52 0.52 0.47
7 (X%) 0.6 0.47 0.44
(10,100) = (V) 0.53 0.54 0.58
x(V*)  0.53 0.52 0.43
7 (Y2) 047 0.47 0.47
(¢, N) — [ni,ng,---,n
(3,48) — [16,16, 16]
(4,48) — [12,12,12,12]
(5,60) — [12,12,12,12,12]
(7,70) — [10,10,10, 10,10, 10, 10]
(10,100) — [10,10,10,10,10,10,10,10, 10, 10]

For equal sample sizes the all-pairs test (V) and the adjacent pairs test optimally
weighted for equal relative spacings (V*) are equivalent. Power against the convex

response curves is equal to the power against the concave response curves.



Table 4.6: Simulated Power, Descending Sample Sizes

Response Curve

Linear Quadratic Exponential
(¢,N) Convex Concave Convex Concave
(348) = (V) 052 052 045  0.52 0.45
(V) 053 050 047  0.50 0.47
(V) 052 050 046 0.50 0.46
T(Y3) 047 047 041 047 0.41
(450) (V) 052 057 0.57  0.56 0.60
(V) 053 050 0.56 0.8 0.57
(V*) 052 053 0.53  0.52 0.54
T(¥%) 047 0.50 049  0.51 0.50
(575) = (V) 052 046 048  0.51 0.50
(V) 050  0.40 049 0.40 0.50
(V) 052 045 048 0.6 0.47
7 (%% 047 042 043 0.8 0.43
(7,140) «(V) 050 0.5 047  0.63 0.53
(V) 048  0.46 048  0.38 0.50
(V) 050  0.53 047  0.49 0.46
7(x%) 044 049 041 0.51 0.45
(10275) (V) 050  0.54 0.50  0.60 0.52
(V) 050 043 022  0.44 0.50
(V") 050  0.50 047 031 0.36
7(x%) 044 045 041 042 0.38
(¢, N) — [n1,n2,---,n
(3,48) —s [24,16,8]
(1,50) —s [20,15,10,5]
(5,75) — [25,20,15, 10, 5]
(7,140) — [35,30,25,20, 15,10, 5]
(10,275) — [50,45,40,35,30,25,20, 15, 10, 5]



Table 4.7: Simulated Power, Lightly Control Dominated

Response Curve

Linear Quadratic Exponential
(¢,N) Convex Concave Convex Concave
(348) = (V) 053 054 0.53  0.54 0.53
(V) 053 051 0.56  0.53 0.56
(V) 053 051 0.56  0.51 0.56
(X% 049  0.50 0.51  0.51 0.51
(4,50) (V) 050 055 0.57  0.56 0.58
(V) 054 055 0.58  0.54 0.57
(V) 050  0.53 0.54  0.52 0.52
T(¥%) 047 051 0.50  0.52 0.48
(560) (V) 053 054 0.60  0.60 0.56
(V) 053 0.5l 0.58  0.53 0.54
(V) 053  0.53 0.58  0.55 0.52
T(Y%) 047 048 052  0.51 0.48
(7,80) (V) 056 054 052  0.51 0.60
(V) 055 0.0 0.51  0.40 0.54
(V) 056  0.52 0.51 042 0.52
x(¥%) 050 048 046 041 0.51
(10,110) = (V) 051 0.56 0.51 0.60 0.56
(V) 051 052 049 042 0.44
(V) 051 0.53 049 0.4 0.43
T(x¥%) 045 0.49 043  0.49 0.43
(C7 N) - [nh ng, - nc]
(3,48) — [24,12,12]
(4,50) — [20,10, 10, 10]
(5,60) —> [20,10,10, 10, 10]
(7,80) — [20,10,10, 10,10, 10, 10]
(10,110) — [20,10,10, 10,10, 10, 10, 10, 10, 10]



Table 4.8: Simulated Power, Heavily Control Dominated

Response Curve

Linear Quadratic Exponential

(¢, N) Convex Concave Convex Concave
(448) = (V) 053 052 0.53  0.53 0.55

(V) 049 044 052  0.44 0.50

(V) 053 0.50 0.55  0.52 0.52

7 (¥%) 046 045 048 047 0.46
(580) = (V) 050 050 047  0.54 0.53

(V) 046 045 048 0.5 0.53

(V) 050  0.50 049  0.52 0.52

x(¥:) 044 046 045  0.48 0.49
(7,120 = (V) 050  0.56 0.53  0.59 0.55

(V) 049 049 052  0.43 0.53

(V) 050  0.53 0.50  0.49 0.48

x(x%) 046  0.51 047  0.51 0.45

(10,180) = (V) 058 048 052 0.53 0.53

(V) 057 04l 052  0.32 0.51

(V) 058 045 0.50  0.38 0.45

x(¥%) 053 044 045  0.44 0.43

(¢, N) — [ni,ng, -, n

(1,48) — [24,8,8,8]

(5,80) — [40,10,10,10,10]

(7,120) — [60,10,10, 10,10, 10, 10]

(10,180) — [90,10,10,10, 10,10, 10,10, 10, 10]
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Chapter 5

Resistance to Rejection of the One and Two-Sample Median Tests

The robustness of hypothesis tests has been studied by a number of au-
thors. Ylvisaker (1977) proposed a definition of test resistance in the univariate
setting using an additive contamination model. He, Simpson, and Portnoy (1990)
considered the breakdown functions of a test statistic in functional form, which is an
asymptotic version of Ylvisaker’s resistance. Coakley and Hettmansperger (1992b)
considered a variation of Ylvisaker’s resistance based on a replacement contamina-

tion model.

5.1 Motivation

To motivate a definition of robustness of a test we think of a researcher
collecting data, and a contaminator (of malicious nature), who alters it in such a way
as to force a particular outcome on the experiment. A complete sample is obtained;
some of the observations may be contaminated and the researcher does not know
which are good and which are bad.

The previous work has viewed resistance to rejection of a test statistic when
the data most favor the null hypothesis. For example, Coakley and Hettmansperger
(1992b) defined the maxzimum resistance to rejection of a test as the smallest amount
of (replacement) contamination necessary to force rejection no matter what the rest
of the data are. Maximum resistance to rejection gives the resistance for the sample
for which it is “hardest” to force rejection. This sample is, of course, quite unlikely;

for most samples it will take far fewer contaminations than this number. When the
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test statistic is slightly less than the critical value it may be sufficient to alter but
a single sample value to force rejection. As a result, a measure of robustness which

averages over possible samples is preferred.

5.1.1 Expected resistance to rejection

Coakley and Hettmansperger (1992b) have proposed the expected resistance
to rejection (ERR) of a test as a measure of the average case robustness of a test.
Suppose that T}, is a real valued test statistic defined on the combined

sample S, ¢, is a critical value and a test procedure is given by
reject Hy if T,,(S) > ¢, otherwise fail to reject Hy.

S represents the combined sample of size n. Let S’ be any sample obtained by
replacing r of the points in S with arbitrary values. Define the expected resistance

to rejection (ERR ) of (T, ¢,) by
ERR (T, ¢.) = Eo[R,] /n,
where for each sample S,

R, = min{r csup 1), > cn}.

Sy
R, is the minimum number of contaminated observations need to force rejection.
ERR(T,, c,) is the expected value (taken under the null) of this minimal contami-

nation. (Under Hy the test will reject with no contamination with probability «.)

For fixed o € (0,1) let {(¢n, )} be a sequence of critical values and
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significance levels such that

¢, =inf{c: P[T,,>c|<a}, a,=P[T,>c).

Coakley and Hettmansperger (1992b) have shown that the one sided sign

test has an expected resistance to rejection of

Cn—nf2

?

ERR (ST, c,) =

n

where S}t =37 I(X; > n) is the test statistic.

As n — 00,0, — a, and (n/4)"Y%(c, —n/2) — 2%,
ERR (5F,¢,) =~ nY22%/2 4 o(n~Y/?),

which converges to 0 at a rate of n='/2 as n — oo with 0 < a < 1 fixed.
As n — oo the expected resistance to rejection goes to 0. It is possible
to norm ERR, and thus get a non-zero limiting measure of expected resistance to

rejection. Define
ERR* (I, ¢,) = lim Ey [n™'/?R,].
In the case of S;f

ERR® (Si,c.) = lim E{n 72 (e, — SF)1(SF <en)}

n—oo

- l{za (1—a)t exp[—(z“)“"/ﬂ} |

2 (2r)'/?

A proof of this is routine, and is omitted.

Exact and approximate values are shown in Table 5.1. The exact signifi-
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cance level was selected to be conservative with respect to a nominal o = .05. The
values suggest that a continuity correction of approximately 40.4 is appropriate for

the approximate counts.

Table 5.1: Expected Resistance to Rejection of the One-Sided One-Sample Sign

Test, Exact and Approximate Values

Exact Approximate

n o Count  Proportion | Count Proportion

30 .02139 | 5.0330 1678 5.5753 1858

60 .04623 | 7.0516 A175 6.5904 .1098

120 .04120 | 10.0710 0839 9.6050 .0800

For reasonably small sample sizes n'/2ERR* provides fairly good approx-
imations to the expected breakdown counts of the sign test. This will also shown
to be the case for the Wilcoxon signed rank procedure. Further, ERR* can be
used as a comparison between procedures; the relative robustness of two competing

procedures can be evaluated as

. ERR (Tl'ru Cln) ERR* (Tl'rm Cln)
RR(T ns T n) = | = )
(Tin, Ton) = lim o (Tons2n)  ERR* (T3n, con)

provided ERR* (73,) > 0. (In the case of the t-test, at most one contamination
always suffices: ERR* (¢,,t*) = 0.)
5.1.2 Extensions

To conclude the chapter we derive ERR* for the Mood median statistic.

The development is more difficult than that for the 1-sample sign test, as each
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permutation of the 2 samples must be considered separately. Uniform convergence
results will allow us to approximate the optimal contamination by the scheme allow-
ing only the alteration of values from the smaller sample, or either sample in case
of equal sample sizes. This also is the case for the breakdown measures cited above;
asymptotically, control of one-half the smaller sample forces rejection against the
remainder of data most favorably situated for Hj.

Associated with the influence curve for an estimate T'(F),) is a measure of

“local shift sensitivity,”

T cp) — ..
A = sup C(F;z)—IC(F;y) 7
T#y r—y

measuring the local effects of rounding or grouping (contaminating) the observations.
For the median functional T'(F) = F~!(1/2), \* = co. To conclude the development
of the expected resistance of the Mood test, the practical nature of this flaw in the
testing situation will be examined. It will be shown that a contamination scheme
exists for which the sum change in value of all contaminated data is, with probability
one, O(logn) (and O,(1)) as n — co. Asymptotically, the entire analysis takes place
in an O(n='/% (log n)l/Q) neighborhood of the true median.

In Chapter 6 the resistance of the one-sided Wilcoxon test, W, is exam-

ined. Our results indicate that RR(W,,ST) = 1//3.

5.2 Two-sample setting, single sample contamination schemes

Assume X; 12 =1,...,n,, Y, : 7 =1,...,n, are t.e.d. samples distributed
according to some distribution function /. As Mood’s test is distribution free, and

to increase clarity, without loss of generality take F' to be the uniform distribution
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on (—1/2,1/2). Denote by F' the empirical distribution function of the aggregate
sample, and by F, and Fy respectively the empirical distribution functions of the
X; and Y. Let n = n, + n, with n,/n = A+ O(r™*), A € (0,1). We focus on the

two-sample Mood median test M, one-sided alternative Hy : 5, > n,. Define
i=inf {t: F(t)>1/2}, M=n,[1-F.())].

The test rejects when the number, M, of X, greater than the combined sample

median is sufficiently large. We begin by examining a contamination scheme that
alters only values of the X;.

One indication that the solution to this restricted problem might be near

optimal comes from the representation of the median statistic given in Theorem 1.1:

(M= 2) = 225, (1) = 28, () + oy ), (5.1

2

where S,.(n) = S8, I(X; > ) and S,(n) = 2, I(Y; > 7). Ignoring the remainder

term, the statistic on the right hand side of (5.1) could be used to test
Ho : e =1 = 1y, Hyzne < <1y,

with n assumed known. Suppose n, > ng; then contaminating X,;’s (by taking data
values below 7 and assigning them values greater than n) will be more expeditious
in forcing rejection than contaminating Y;’s, as the increase in the test statistic after
a single contamination of an X; is greater than the corresponding increase resulting
from the contamination of a single Y;.

The median test rejects when M > ¢, where ¢, is the (integer-valued) o,

level critical value determined by the null distribution (hypergeometric) of M. As
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n — o0
(Var [M])~2 (cn _ "7) Ny

We assume that rejection is attainable, that is, if M = min{n,,n/2} then M > ¢,.
This assures us that the test can be forced to reject. For any fixed «, as n increases
(ng/n — A) rejection will eventually be attainable. Denote by ERR the analogue
to ERR* with the contamination scheme is restricted to altering the Xj;.

Let D = ¢, — M, the difference between the test statistic and the critical
value. If D < 0 no contamination is necessary to force rejection. For D = d > 0,
since altering only X;’s permitted, the scheme will take observations X; < 7 and
successively reassign them values greater than j7—for now assume the replacement
value puts a contaminated item as the largest value in the combined sample. Each
time an X; is contaminated as such, the overall sample median is “pushed” up and
becomes the value adjacent, and above, the current sample median. In contami-
nating the first X;, the value of the test statistic will be increased by 1 if the data
item immediately adjacent, and above, 7 is a Y}, otherwise the test statistic remains
unaltered. The procedure iterates until the location of the sample median has been
pushed through d Y;’s, at which point rejection has been forced.

(It is possible to create samples for which the strategy does not appear
to force rejection: consider ¢, = 2 and ordered data {Y X Y | X Y Y}, where |
represents the location of 7j. After contaminating all (1) of the X; below 7 we have
{YY X |YY X} and rejection has not been forced. But, as we have assumed
that ¢, is attainable, we can apply the scheme again—in general contaminating X
that have been moved below the position of the up-dated sample median in the

initial contamination—resulting in {Y Y Y | Y X X}, and forcing rejection in 2
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contaminations. For large n this situation will occur rarely, but the contamination
mechanism is thus extended to cover this possibility. )

Contaminating the smaller sample is preferable to contaminating the larger
sample: the crucial point is not the nature (whether X; or Y;) of the altered data,
but instead the nature of the match between the contaminated values and the val-
ues adjacent 1. A scheme works best when contaminated values tend to be from
the smaller sample—there will be fewer matches and, hence, more progress toward
rejection.

For fixed D = d > 0 (and hence M = m < ¢,), the number of con-

T
mn?

r—1 n/2—r
(d—l) (n/ﬁZ—cn)
(e)

To derive this note that there are exactly m X; and (n/2 — m) Y; above 7. Any

taminations necessary to force rejection, R, is a negative hypergeometric random

variable

frgim (r) = PRy =r|M =m] =

permutation of these is equally likely. Then the probability that [RZ = r| is the
probability of exactly (d—1) Y; in the first (r — 1) observations above, and adjacent,

7}, and a Y; as the rth value above 7.

(n/?—m) ( m )
d—1 r—d n/2 —(d—1)

o/ 2 —(r—1)
r—1

PR =r|M =m] =
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which reduces to (5.2). A standard result on the negative hypergeometric gives

(n/2+ 1)(en —m)
ERM=m]={ n/2+1-m

0 m > ¢,

m < ¢y,

and ERR* can be computed by taking an expectation with respect to D (i.e. M).

ERR: = lim B [n'2R:] = lim By {E [(n7"*R) |M]}

n—oo n—oo

(n/2 4 1)(cn — M)

= 1 I (M <ec,)|.
no0o lnl/Q(n/Q—{—l—M) (M <en)
Lemma 5.1 Define
24+ 1)(c, — M
g, = P20 = M)y

n'2(n/2 +1— M)
and denote by Z the standard normal random variable. Then

1. U, £ U where U is a random variable having the distribution of

1 A\ i

2. The sequence {U,} is uniformly integrable, hence

ERR: = lim E[U,] = E[U]

n—oo

R e R

Proof: To prove (1) first write

Zy = (Var [M])™Y* (M = n,/2),
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e () (-ap) o men

n
where ¢! is the normal approximation to the critical value. As n — oo,

(¢, — MYI(M < ¢,) 7
(¢ — M)I(M < ) ’

n

(VY DO (Y,

the last convergence resulting from M/n £ \/2. Z, converges in law to the standard
normal Z; (z* — z)l(x < z%) is an everywhere continuous function, as a result
(2% = Z,)I(Z, < z*) converges in law to a random variable having the distribution
of (2% — Z)I(Z < z%). An application of Slutsky’s theorem proves part (1) of the
theorem. (In Section 5.5 it will be shown directly that n='/?R® A U.)

To verify the uniform integrability of U, requires demonstrating, for arbi-

trary ¢ > 0, the existence of a constant b, such that for 6 > b,
sup E [|Up| I (|U,| > b)] < e.

Write

U, = (varT[M])”2 (1 _ n/;‘ﬂ 1)_1 ((VZE%I/?) I(M<e,).

The term (Var[M]/n)/? is bounded above by 1. As |U,| > 0 only if M < ¢,,

(1—n/§4+1)_1I(M<cn)§ (1—n/;”+1)_1. (5.3)

As n — oo the right-hand side of (5.3) has a limiting value of (I — A)™'; take v, as
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an upper bound, also bounding the left-hand side. Then

|U|<—71|C”_M| .
(Var [M])"*

Further, I(|U,| > b) is bounded above by

! (M - b) |
(Var [M))"
Let 72 be an upper bound for (¢, — M)?/Var[M] — (2*)* and set b, = vi(y2+1)/e.

Then applying in succession the results above, Holder’s Inequality and Markov’s

Inequality, for all b > b,:

71|Cn_ 71|Cn |
B0 > 0] < B |(REr ) (e o)

IRgt

1/2 [~A2 (v, 1/2
< [’712 (72 + 1)] / l% (Vb2+ 1)]

IN

}1/2

{p|aiim i

e+l 2w+l
b T b

The lemma is proved. m

Table 5.2 provides exact and approximate values for three sample sizes and
three configurations of (n,,n,). Due to the discrete nature of the statistic M, the
level of each test was selected to be conservative relative to a nominal o = .05. The

exact values represent upper bounds for the expected minimal contamination.
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Table 5.2: Expected Resistance to Rejection of Mood’s Test: Smaller Sample Con-

tamination, Exact and Approximate Values

Exact Approximate

(ng,ny) ! Count Proportion | Count Proportion
(15,15) .0134 | 6.3181 .2106 6.0760 .2025
(30,30) .0349 | 7.4229 1237 7.0749 A179
(60,60) .0500 | 9.4546 0788 9.1246 .0760
(10,20) .0251 | 4.1967 1399 3.8109 1270
(20,40) .0269 | 5.7223 .0954 5.3073 .0885
(40,80) .0404 | 7.2655 .0605 6.8273 .0569
(5,25) .0211 | 2.8846 .0962 2.4983 .0833
(10,50) .0399 | 3.4993 .0583 3.0629 .0510
(20,100) .0423 | 4.7151 .0393 4.2660 .0355
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5.3 Optimal contamination scheme

The all X; contamination has been shown to depend on the location of the
(¢, —M)th Y; above 7). Similarly, the all Y; contamination depends on the location of
the (¢, — M)th X; below 7. The position of the medians after these contaminations

will be denoted n and n; respectively:

A

ne = inf{z:ny [Fy(z)—Fy(ﬁ)] =(c, —M)I (M < cn)},
7]; = inf{z PNy [Fz (2) —FI_ (ﬁ)] =(M—-c,)I(M< cn)}

Then n; =n; =17 in case M > c,,.

Proposition 5.1 Let R, denote the optimal contamination. Define

A A

Wo(2) =2 (o — M) I (M < ) +ng [Fy (2) = Fy ()] = ny [, (2) — £, ()]

The position of the median after the optimal contamination, denoted 7n°, is then,
for uniqueness, given by the infimum of all z such that W,(z) = R,; n° = i when

M > c,, andr]; <n® <k

Moving from left to right the function W,,(z) increases by 1 on each X; and
decreases by 1 on each Y;. Note that W,,(n}) = Ry, W, (n;) = RY, and that M > ¢,
implies R, = 0.

Let ¢ be an integer. Consider any contamination scheme of ¢ X;’s and b

Y;’s where (a — b) = ¢,a > 0,b > 0. Subject to this constraint we minimize (a + b).
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The first observation is that an optimal contamination cannot occur with ¢ > RZ.
If ¢ > R? then a > R, implying (a + b) > R”. Similarly, ¢ < —RY cannot lead to
an optimal solution.

First assume ¢ > 0. We can minimize (a 4+ b) subject to (a — b) = ¢ by
minimizing a. With (¢ — b) = ¢ fixed the median after the contamination will be
shifted ¢ data items right. Let & be the number of these items that are X;; y = (¢—x)
are then Y;. In order to force rejection we must have (M +a—x) > ¢,. The minimal
value of @ is given by (¢, — M +z), with a total contamination of 2(¢,, — M)+ (z —y).
The same is true for ¢ < 0 (the case ¢ = 0 represents the strategy of “switching”
(¢, — M) X,’s below i with (¢, — M) Y;’s below 7).

Take n(c) to be the cth observation above (below, if ¢ < 0) 5. Then
2(c, = M)I(M < ¢,) + (z —y) = Wy(n(c)). The problem then reduces to

Ry = min _ W,(5(c)),

~RY<c<RE

which is equivalent to the statement of the proposition as W,(-) is constant on the

intervals [(c), n(c + 1)), n(fy) = 77, and n(R]) = ;. =

5.4 Bounding results

This section is devoted to bounding random variables that play a part in
determining various contamination schemes. The development to follow will make
great use of the “after contamination medians” n; and 5. The general attack begins
by placing almost sure bounds on (77 —n) and (M —n,/2); this will imply bounds on
(nz—mn) and (n; —n). As n; < 5° < n}, with probability one we will be able to place

each of these after contamination medians in a sufficiently small neighborhood of 7.
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Partition that neighborhood, and show that, with probability one, each segment of
the partition contains essentially the expected number of both X; and Y; as n — oo.
For the case A < 1/2 the conclusion is that, for any ¢ € (0,1/2), with probability
one, (R, — RZ) = O(n®),n — oo. For the case A = 1/2 the result is also true
provided ¢ € (1/4,1/2).

Begin by placing almost sure bounds on the Mood statistic. Hoeffding’s

Inequality is needed.

Lemma 5.2 (Hoeffding) Let B be a binomial random variable, m trials and p

probability. Then
P[(B— E{B}) > mi] < exp {-2mt*}.
Lemma 5.3 There exists a constant Ky such that

-y
2

> Kyn'/? (log n)1/2 i.0. ] = 0. (5.4)

Proof: Recall from (1.8) that

(v =% =" [y - 1/2] - [y ) = 172] + Ru)

n

where, with probability one, R, = O(n=%/* (log n)3/4) as n — 00. Using Lemma 5.2,

Pl

Eu(n) = 1/2] > n;'? (logna)'V?]

= 2P [nw (Fw (n) — 1/2) > nyn-1/2 (log naj)l/:)]

T

< 2exp {—an [n_l/Q (log nx)l/Q]Q} = 2n 2.
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As

S0P ([ =12 2 0 o) ] £ 30 2 < ox,

ny=1 ny=1""T

by the Borel-Cantelli Lemma,

Pl

Fe(n) =172 > n7'2 (logna)'/* io] = 0.

An identical argument establishes an analogous result for |F, () — 1/2|. Since, with
probability one, R, = o(n~"?(logn)/?), n — oo, bounding it is trivial. There then

exist constants Ky, K3, and K4 such that

« Pln

F (n) — 1/2‘ > Kyn'/? (log n)1/2 i.0. ] =0,
o P [n ‘Fy (n) — 1/2‘ > Ksn'/? (log n)1/2 i.o. ] =0, and
o P [n |R,| > Kyn'/? (log n)1/2 i.0. ] = 0.

Take [(1 = ](2 + [(3 -+ [(4 Then
[w : ‘M — %‘ > Kyn'/? (log n)l/Q]
_ . Nally
- o
C [w : n{
C {[w n

U [w n ‘Fy (7]) — 1/2‘ > [(3n1/2 (10g n)1/2]

|Fe () = 1/2] = |E, () = 1/2] + R,

} > Kyn'/? (log n)l/Q]

Fe(n) =172+ [Ey (n) = 1/2] + |Ra|} > Kin'/? (logn)'/?]

F, (n) — 1/2‘ > Kon'/? (log n)l/Q]

U [w cn|R,| > Kyn'? (log n)l/Q] }
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Taking the limit supremum on both sides, then probabilities, proves the result. (The
law of the iterated logarithm can be implemented in place of Hoeffding’s Inequality,
thus ensuring a slightly tighter result.) m

As a consequence of this lemma, noting that (¢, — n,/2) = O(n'/?), there

exists a constant K5 such that

. — M
P [c < Ksn~'/? (log n)1/2 a.a. ] = 1. (5.5)

For reference purposes Lemmas 1.1 and 1.2 are restated.

o There exists a constant K4 such that

P [|f] — | < Kgn™Y?(log n)1/2 a.a. ] = 0. (5.6)

o Let {a,,} be a sequence of constants, a,, ~ Conzl/z(log ny)l/z, where Cy > 0.

Then there exists a constant K; (depending on Cj) such that

A

P { sup H o+ ) — F, (77)] - r‘ < Kn=3/* (log n)3/4 a.a. } =0. (5.7)

|$|Sany

This result can also be stated in terms of X;.

The results (5.5), (5.6) and (5.7) are sufficient to place an almost sure bound on

(= 1)

Lemma 5.4 There exists a constant K and set Qqg, P[Qo] = 1 such that for all

w € Qo
(i — 1) < Kn~'/? (log n)'/?

for n sufficiently large.
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Proof: By definition (n; — %) > 0. If M > ¢, then (n: —7) = 0. It suffices to
consider only the case M < ¢,.

Take K > Kj5. Restrict analysis to the set Qq, P[] = 1, defined as the
intersection of the sets on which (by (5.5), (5.6) and (5.7)) we have, for n sufficiently

large,
o (¢, — M)/n, < Ksn~1/? (log n)l/Q,
o |ij —n| < Ken~/* (logn)'’*, and

o sup |[F,(n—+a)—F,(n)] — x| < Kmn~?*(log n)3/4, where {a,, } is chosen with

lfgany

an, > (K + KG)n_l/2 (log n)l/Z.

As a result, () + Kn='/? (log n)1/2 — 1) € (—ay,,a,,); then

{

£, (7 + Kn™ (logn)'/?) = F, (n)] —
i+ Kn 72 (log )/ = ][} < Kzn™(logn)**. (5.8)

Similarly,

A

£, (i) = By ()] = [ = n]| < Ko™/ (logn)*'*. (5.9)

Combining (5.8) and (5.9),

A

[ y (ﬁ + Kn™Y? (log n)l/z) - Fy (ﬁ)] > Kn~ Y% (log n)1/2 — 2K7n~%* (log n)3/4 :
(5.10)

As K > K5, it can also be assumed that n is large enough to force the right-hand
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side of (5.10) to exceed K5n~'/?(log n)1/2. Then

, , =M
By (7 4+ Kn 2 (logn)!/?) = B ()] > Ksn™"/ (logn)"/* > Z——. (5.11)

Ty

Now, (n—7) < Kn~'/?(log n)1/2 if and only if there are at least (¢,— M) Y;
in the interval (7,7 + Kn~'/? (log n)l/Q]. This is precisely what (5.11) assures for n

sufficiently large—establishing the lemma. m

Corollary 5.1 There exists a constant K and set g, P[Qo] = 1, such that for all

WEQ(),

maX{|n2—n|, mj—n\} < Kn~"?(logn)"/? (5.12)

for n sufficiently large.

Proof: (1) —n;) can be bounded as in Lemma 5.4. As |3 —n| < |n5 — 3|+ [ — 7|,
the result follows immediately from (5.6) and Lemma 5.4. m

Both n; and n; converge to n almost surely.

5.5 Limiting distribution of the single sample scheme

We show that n~'/2 RZ can be written as function of (¢, — M) plus negligible
remainder.

Take K as in Corollary 5.1 and apply the uniform convergence result (5.7)
on the X; (a,, > Kn='/?(log n)l/z) and the Y; (a,, > Kn~'/%(log n)l/z). Appealing

to the method of Theorem 1.1, with probability one,

A

e () = B ()] = [Fy (1) = F, ()] = 0 (n7* (log n)*/*) 1n — 00 (5.13)
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A

As (¢, — M)/n, = [F,(n2) — E,()], with probability one, R%, the value of the all
X, contamination, the sum of (¢, — M) and the number of X; € (7,7n}], can be

expressed

A

RS = (co— M)I(M < co)+n, [Fy(n2) — Fr ()]

= (ea—M)I(M < ) +na{ [y () = F, ()] + O (n=*/* (logn)*'*) }

- (cn = M)I(M <¢,)+ 0O (n1/4 (log n)3/4) , . — 00. (5.14)

Ty

Lemma 5.5 Assume n,/n — \. Then as n — oo, n"Y2R® converges in law to a
random variable having the distribution of U (as given in Lemma 5.1). Hence, the

sequence {n~"?R®Y} is uniformly integrable.

Proof: The representation of (5.14) and an application of Slutsky’s theorem proves
the first assertion. The second follows from a standard result, see Serfling (1980),

page 15, Lemma B. m

5.6 A partition

The next result partitions an O(n~/% (log n)l/Q) neighborhood of 7 and
places usable bounds on the excess of X; over Y; in each segment of the partition.

Bernstein’s inequality will be needed.

Lemma 5.6 (Bernstein) Let B be a binomial random variable, m trials and p

probability. Then

P HB | > t] <9 mit?
—m m expy —=——~ -
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For positive integers n define a, = An~'/? (log n)1/2 where A > 0. For

fixed € € (0,1/2) define:
b, = LAnl/Z_E (log n)I/QJ,

where |-] denotes the “floor” function. For each n partition the interval [—a,, a,)
into 2b,, segments, each having length n°~!. For k& = —b,,...,b, the partition
points are given by n,(k) = kn°"', with n,(0) = 5. There are then 2b, segments
(nu(k — 1), n,(k)] partitioning [—ay, a,].

For each k € {—b, + 1,...,b,} set

Dn(k) =

e [F (1)) = o (k= 1) = "]

—ny [By (k) = By ok = 1)) =077

?

and put

Z, = ke{—lglfl}f..-,bn} {D.(k)}.

Lemma 5.7 With probability one, Z, = O (ns/2 (log n)l/Z) as n — oo.

Proof: By the Borel-Cantelli Lemma, it is sufficient to exhibit values L and ng such

that

Z P [Zn > Ln/? (log n)l/Z] < 00.

n=ng

These values will be provided during the course of the proof.

Begin as follows:

Pl|Z > Ln? (log n)l/Q]
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- > ILn®/? 1/2
r [ke{—gff..,bn} {Dn(k)} = Ln'" (log n) ]

bn
S P [Du(k) = Lue'? (logn)'”?
k=—b,+1

IN

= 2b,P [Dn(l) > Ln®/? (log 71)1/2]

IN

2An"** (log n)1/2 P {

e [F2 (n(1)) = £ (3,(0)) = 07

—ny [Fy (1a(1)) = Fy (72(0) = 27| > Ln/2 (log n)'/?}

IN

2An*?7¢ (log n)1/2 X

{P |na

—I—P[ny

A

Fo (9a(1)) = B2 (1(0) — 07| = Ln*/? (log ) /2]

Ey (1)) = By (0(0)) = 07| > Ln®/? (logn)'/? /2] } . (5.15)

Apply Lemma 5.6 with p = n®~! and t = Ln®/? (log n)1/2 /2n;. Then

A

P [ne| s (a(1)) = o (0a(0)) = 07| > L2 (logn)'/? /2] < 2exp {—7.},

where

_ L?logn - L?logn
8ny/n + 4Ln=</2 (log n)1/2 8+ 4Ln~¢/2(log n)l/{‘)'

Tn

Let ng be the value at which n=%/2 (log n)1/2 attains its maximum, let C' be that
maximum. Choose L such that L?/(8 + 4LC) = 2. Then, for n > ng, 7, > 2logn,

and

e (10(1)) = £ (2(0)) = 0" | > Ln*/? (logm)'/* /2] < 2072,
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An identical statement holds for the probability in (5.15). Therefore

Y. P20 > Inl (logn) | < 37 84n~42 (log ) * < ox,

completing the proof. m

Define

A

D (k) =

n

s (k) = By (ma(k — 1)) — n=7Y]

-

?

Z7 = max }{Dﬁ(k)}

n ke{_bn+17"'7bn

A proof similar to that given in Lemma 5.7 exhibits a constant Ly such that

P22 > Ly (logn)'/? io. | = 0. (5.16)

5.7 Equivalency of the optimal and smaller sample schemes

The partitioning result of the previous section will be used to show that,
in the case A < 1/2, for any ¢ € (0,1/2), with probability one, the optimal scheme
differs from the all X; scheme by O(n®), n — oco. In the case A = 1/2 the bound is
not as tight; ¢ > 1/4 suffices.

From this point on the index k shall be used to refer to the kth segment of
the partition, (n,(k — 1), n.(k)], where k is understood to satisfy —b, + 1 < k < b,,.

Take A = K + 1 where K is defined as in Corollary 5.1. For all n > 2 we
have 7,(—b,) < —Kn~1/? (log n)1/2 < Kn~1/2 (log n)1/2 < nn(by). The segments of
the partition cover the entire neighborhood of values in which, with probability one,

n, and n; lie for n sufficiently large.
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Define A, (k) to be the excess of X; over Y; in segment k:

A (k) = 1y [Fy (o (k) = Fr (g (b = 1)] = [£y (o (k) = By (ma (k= 1))] .

For a value z contained in the kth segment of the partition define

A A

Af (2, k) = ng |[Fy (o (k) = Fy(2)] = ny [Fy (g (R) = B, (2)]
AL (2 k) = ng By (2) = Fy (o (k= 1)] = ny [E, (2) = B, (g (k= 1))] .

At (z, k) and A7 (2, k) count the excess of X; over Y in partition k and, respectively,
to the right and left of z.

From Proposition 5.1 we have R, = W,(n°), and RZ = W, (n%), then

A

0 < RE— Ry =ny [Fy(n2) = o (0°)] = ny [ £, (n2) = £, ()] - (5.17)

5.7.1 Unequal sample sizes
Lemma 5.8 Suppose A < 1/2. Then for any ¢ € (0,1/2), with probability one

R — R, = 0O(n®), as n — 0.

Proof: Take y to be the set on which, by Corollary 5.1, Lemma 5.7, and (5.16),

for n sufficiently large,
Lo max{[iZ =gl lny —nl} < Kn™'* (logn)'"”,
2. Z, < Ln®?(log n)l/Q, with A > K + 1, and

3. 75 < Lyn®/* (logn)*/?, with A > K + 1.

Suppose that 1° and 7} lie in segments k; and ky of the partition, respectively
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(k1 < ky). Split RZ — R,,, as in (5.17), over the partition,

ko—1
0 < be - RTL = A;’LF (ankl) + Z ATL (k) + AT_L (U;JkQ) .
k=k1+1

Using the monotonicity of F, we have

AF(0° k1) < ng [Ea (a(k 4+ 1)) = Fy (na (k)]

< <&) 4+ Lyn*/? (log n)1/2 :

n
The same result holds for A (nZ, k). We also have, for all k,

Ny — Ty

A (k) < < ) n® + Ln®? (logn)"/*.

n

Hence, with probability one, for n sufficiently large

0< R, —R,<n {O(l) + (k2 — k1 + 1) [LC — W Lo (1ogn)1/2]}.
n

As n — o0, (n, —ny)/n — 2X\ —1 < 0 and n=/? (logn)1/2

— 0. As a result,
0< R —R,<n0(1),
implying the statement of the lemma. m

5.7.2 Equal sample sizes

Take A = 1/2. Applying the uniform convergence result (5.7) again, with

probability one,

0< RE— R, = ny [Fa(n)) = Fo(n°)] = ny [F, 0) — B, (0°)]
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= n,0 (n_3/4 (log n)3/4) +0(1)=0 (n1/4 (log n)3/4) , — 00,

as ny — n; = O(1) has been assumed. Lemma 5.8 can can extended to all cases by

taking ¢ > 1/4.

5.7.3 Equivalence

Theorem 5.1 n~Y?(R* — R,) — 0 almost surely. Hence the limiting distribution

of n=Y2R,, is that of the random variable U and

ERR* = lim E [n"'*R,| = ERR:.

n—oo

Proof: Lemmas 5.5 and 5.8 are sufficient to prove that n='/2R,, £ U. The random
variable n~'/?( R — R,,) is bounded above by n~'/2R®. Lemma 5.5 demonstrated the
uniform integrability of {n™'/2R=}, hence {n"Y/3(R% — R,)} is uniformly integrable.
As nY*(R® — R,) A 0, it follows by a standard result (see Serfling (1980), page
14, Theorem A) that lim,_., F [n‘l/Q(RfL — R)] = 0, implying the statement of the

theorem. m

5.8 Distance to rejection

In light of the results of the previous section we now examine a property of
the small sample contamination scheme. Assume that n,/n — A < 1/2. We have,

with probability one, (75 — ;) = O(n='? (log n)l/Q) as n — oo. An immediate
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implication of (5.14) is that, with probability one, R* = O(n'/? (log n)1/2) as n — oQ.

Consider then the strategy of forcing rejection by placing all X; between n;
and 7}, inclusive, at n7—denote this strategy by . Let Z denote the index set of the
altered X;. Define the distance to rejection of the strategy S by d,(S) = Y7 (ni—X,).
Then, with probability one,

4, (S) = Yo(n:—X) < R (s —n)

= 0 (n1/2 (log n)l/Q) @) (n_1/2 (log n)1/2) = O (logn),n — <.

Additionally, d,(S) = O,(1) as n — <.
The result is true for any F' twice differentiable in a neighborhood of the
median. As n — oo the neighborhood of 7 under consideration can be made suitably

uniform. For any strongly consistent estimate, 77, of 5, with probability one,

F (i) = F(n) = f () (i =)+ O (5 = m)*) sn — oc.

In particular O((n; —7)?) = O((n; —n)*) = O(n~"logn).

The result contrasts nicely with the test based on the sample mean. Adopt-
ing the strategy, 7, that breaks down the t-test in no more than a single contam-
ination, a straightforward application of the law of the iterated logarithm gives
the distance to rejection for the normal theory test as satisfying, with probability
one, d,(7T) = O((nloglogn)'/?), as n — oc. Further, adopting the contamination
scheme &, the limiting distribution of the normal theory test statistic is unaltered.

With distance to rejection as the criteria, sign-based testing methods are

clearly inferior.



105

5.9 Remark

A similar result can be derived for the 2-sided testing problem. In partic-

ular,

e =3 (25) " rrma - 2 (e - () 2}

The two-sided test is less resistant to rejection than is the one-sided test.
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Chapter 6

Resistance To Rejection of the Wilcoxon Signed Rank Test

The Wilcoxon signed rank test is based on the statistic

n—1 n

ZZI( (X, —|—X)>770)
=1 j=2¢
where X1, -+, X}, is a sample from a symmetric distribution with center of symmetry

n. The test is used to test the hypothesis n = 5o against shift alternatives. The
asymptotic analysis of this procedure is more complicated that the analysis of the
one-sample sign test, because the present procedure is based on ordered dependent
random variables, namely the ordered (X; + X;)/2 for ¢t < j < n.

Fortunately the theory of U-statistics can be applied. The statistic

Vn:(?) ZE}( X—|—X)>n0) (6.1)

2 =1 j=1+1

is a one-sample U-statistic and the test based on it is asymptotically equivalent to
the Wilcoxon one-sample test. For these reasons, the test based on (6.1) will be
considered first.

We assume that Xi, X5, - is a sequence of independent random variables
with common cumulative distribution function F'(z —n) where F'is symmetric about
0. F has density f satisfying [ f*(z)dz < oo. G(z — n) denotes the cumulative

distribution function of (X; + X3)/2, assume G twice differentiable on (—oc, +00).
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6.1 Preliminaries

The following two results are needed.

Lemma 6.1 (Hoeffding (1963)) Denote by U, the statistic

(:) Z¢(Xi17"'7Xir)

where X1, X,,---, X, are 1.1.d. random variables, ¥ is a function symmetric in its

r variables and C denotes summation over all “n choose r” combinations of r X;’s.

Then
P(|U, - E[U,]| > t) <2e7" (6.2)

where

kt?

h= 2 (02—|- %tmaX(Z’l _Z))

if (a1, 2)] < 1,6 >0,k = [n/r], with
z=E(Xy, -+, X,), and 0® = Var)( Xy, - -+, X,).

Lemma 6.1 is an extension of the Bernstein inequality used in Chapter 5. Next is

the law of the iterated logarithm for U statistics, stated in Serfling (1980), page 191.

Lemma 6.2 With probability one,

—— n'?(U, —1/2)
im 7=
n=e0 (2r2¢ log log n)

where (1 = Varp[y1(Xy1)] > 0, with ¢1(21) = Ep[(x1, X2)].
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Applying the probability integral transformation, W; = F(X;), the distri-
butional properties of V,, remain unchanged; the W; are now independent random
variables, uniformly distributed over [0, 1], and 5o = 1/2. Again we are testing the

one-sided alternative, Hy : n > 19 = 1/2; ¢, is a sequence of critical values with

(3n)%(c, —1/2) — 2=

6.2 Contamination points

To break down the Wilcoxon statistic, forcing rejection in every case, the
lower-most sample values will be altered to values of, say, +00 (1 would suffice in
this setting). Suppose we choose a value 0 < @ < 1/2 and force each sample value

no greater than x to +o0c. In doing so, the net change in the value of V,, is given by

-1

Ln(;z:):(n) nf Zn: I[X;+X; <1,(X;<zorX; <uz)].

i=1 j=i+1

To see this, observe that any Walsh average, (X; + X;)/2, ¢ < j, involving an
observation less than = will be forced above 1/2 after the contamination. However,
any pair (X;, X;) with Walsh average greater than 1/2 prior to contamination will
not be altered by the contamination. (The definition of L, can be extended to
[0,1] by taking L,(x) = L,(1/2) for @ > 1/2.) Note that L,(z) is a U statistic
with symmetric kernel (1, 29) = (21 + 22 < 1,(x1 < zoray < z)). Take

L(z) = FL,(x) = EY(X1, X2) = 22(1 — z). Define the contamination point by

e inf{z: L, (z) > ¢, — Vo} V., < ¢,

0 otherwise.
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X* is the smallest = for which the test statistic is forced to rejection. Then R,,, the

minimum contamination, is given by nF,(X™*).

6.3 Limiting distribution

The methods of the previous chapter are followed. In (5.14) it is shown that

T

¢, can be written as a function of the test statistic.

the necessary contamination, R
The same result holds for this situation.
The following uniform convergence result makes use of techniques from

quantile representation theory.

Lemma 6.3 Let {e,} be a sequence of constants with e, ~ Con™"?logn asn — oo,
for some fized Cy > 0. Let B,(x) = (L,(z) — L(z)), I, = (0,e,) and H, =

sup,er {|Bn(2)|}. Then, with probability one, H, = O(n=3/*logn) as n — co.

Proof: Take {d,} to be a sequence of positive integers with d,, ~ n'/*. Set Nn(r) =

re,/dy where 1 is an integer, 0 < r < |d,],
Ju (r) = [0 (r) e (r + 1)], an (r) =L (r+1)) = L(n.(r)).
Then, for € J,(r), since both L, and L are nondecreasing,
By (€) < Lo (n (r + 1)) = L (1 (1)) = Bo (s (r 4+ 1)) + a0 (1)
Similarly By (z) > By(in(r)) — an(r) for @ € J,(r). Set

K, = max {|B,(n. ()|}, Bn= max {a,(r)}.

0<r<dy, : 0<r<dn—1
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Then H, < K, + 3,. Now,
Bn = max{L(nn(r +1)) = L (na(r))}

= max {29, (r + 1) [1 = 29, (r + 1)] = a(r) [1 = 29, (r)]}

€n

< 2
= 0

(142¢,)=0 (n_3/4 log n) O(1) = O(n™*/*1og n),

as Nu(r + 1) —na(r) = en/dy.
We next verify that, with probability one, K,, = O(n=/*logn) as n — oc.

By the Borel-Cantelli Lemma it is sufficient to exhibit a constant L; for which
S P[K, > Lin™logn] < cc.

First consider P[|B,(n.(r))| > Lin=*/*logn]. |B,(1,(r))| can be written in the form
|U, — EU,,| where

Un = |Ln (10 (1)) = ( ) SN (Xt X < LX< () or X; < mu(r)].

2 i=1 j=i+1

a one-sample U statistic with associated, symmetric kernel
Y (21, 29) = Txr + 22 < 1,210 < nu(r) or 22 < np(r)] .

Take z,(r) = Ev¥ (X1, X2) = 2n,(r)(1 — n.(r)) < 2e, and o2(r) = Vary( Xy, Xz) =
zn(r)(1 — z,(r)) < z,(r) < 2e,. Note that max{z,(r),1 — z,(r)} < 1. Applying

(6.2) we have

P|U, — EU,| > Lin™*/*logn| < 2¢7"
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where

)
2 <0‘Z(T‘) + 3 max {z,(r),1 — Zn(T)})

Routine algebra then gives

L:{n_l/Q (log n)2 e;l

h280+*0(£g0.

As e, ~ Con~'?logn, there exist ny, p; and p, such that for all n > ny, 1+e* < py

and (n/2)/|n/2] < p. For n > nq,

> L2 n~%logn log 1
A\ 8pip2 €n '

Bound (n_1/2 logn)/e, below by p3 for n > n,. Take Ly such that (Lips)/(8pip2) =

2. For n > ng = max{ny,ny} we have h > 2log n, implying that e™* < n~2. Then
dn
P [Kn > Lin =34 log n] < ZP [|Ln (nu(r))] > Lin=3/4 log n] < d,n"?
r=1

for n > ng. With d,, ~ n_1/4,

> P[K, 2 Linlogn] < 3 d—g < oc.

As H, < K, + (,, the proof is complete. m

For z € [0, e,],
L(z)=2x(l —2) =2z — 202 =204+ 0 <n_3/2 (log n)Q) ,

therefore the following holds.
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Corollary 6.1 There exists Ly such that

P [sup {|L, (z) = 2z|} < Lyn~**logn a.a. | = 1. (6.3)

zel,

The next result shows that X*, the contamination point, is sufficiently
close to 0 to allow the use of Corollary 6.1 in passing from L, (X*) to 2X*. As the
sequence of critical values satisfies (¢, — 1/2) = O(n~/2), loosely applying Lemma

6.2 (¢4 = 1/12), for some K,
P [(cn -V, < Kn™'/? logn a.a. ] = 1. (6.4)

Take g to be the intersection of the sets implicit in (6.3) and (6.4), with

en > Kn='%logn; then P[] = 1. For n sufficiently large,
L,(Ky n1/2 logn) > 2K n1/? logn — Lon~3/4 logn
> Knpol/? logn > (¢, — Vo) I (Vi < ¢),

i.e., with probability one, X* = O(n""/?logn) as n — co. The following can now

be established.

Lemma 6.4 With probability one,
(o = Vi) I (Vi < ) = 2X* = O (n™*/"logn) ,n — oo, (6.5)

Proof: If ¢, <V, the left-hand side of (6.5) is identically 0. Assume ¢, > V,,. For

any ¢ > 0

Lo(X*)> ey =V, Lo(X*—¢)<c,—V,. (6.6)
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For n sufficiently large, with probability one X* € I, = [0,e,] with e, chosen

properly. Then for some L, > 0,

Ly (X™) =2X" + (L, (X*) —2X™) < 2X* 4 Lyn~*/*logn, (6.7)

L, (X* —¢) > 2X* — 2 — Lyn~*/*logn. (6.8)
Combining (6.7) and (6.8):
—2e — Lyn~3/* logn < (¢, — V,) —2X" < Lon~3/% log n.

As ¢ is arbitrary, the result follows. m

Results regarding the uniform convergence of the empirical distribution
function in an O(n~'/?logn) neighborhood of a specified quantile (here, the 0-th
quantile) can be derived in the same fashion as the results stated in Chapter 5. In

particular, with probability one,

i {|F, (z) — z|} = O(n™**logn),n — .

As, with probability one, X* € I, as n — oo, we have, with probability one,

F.(X*) = X"+0 (n_3/4logn)

= (Cn;ivn)—{—O (n_3/4logn) ,n — 00.

The following is a direct consequence.
Theorem 6.1 With probability one

= MI(VTL <)+ 0 (n1/410gn) ,n — 00.
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Hence n='?R, £ U, U having the distribution of
127Y2 (22 — 2) I (Z < 2),

where 7 denotes the standard normal.

The Wilcoxon test is usually implemented in rank-sum form:

Vi=——= ZZI< X+X)>1/2).

n+1 1=1 j=1+1

Defining L} analogously, we have
Vi=V,+ O(n_l), L (z) = Ly(x) + O(n_l).

Therefore, the result of Theorem 6.1 holds for either version of the statistic.

A simulation was done to determine the accuracy of this approximation.
For each of four sample sizes 5000 samples were drawn and forced to reject the
a = 0.05 test. The code was written in S-PLUS, a built-in function computed p-
values using a normal approximation with a correction for continuity. Lower-most
values were successively contaminated until p < 0.05. Results are in Table 6.1. A

continuity correction of approximately +0.8 is suggested by the results.

6.4 Remarks

The development above can be adjusted to prove a corresponding result
for the two-sided test.

The uniform integrability of the sequence {n"'/2R,} is not established here
(work in progress). The simulated values indicate that this result holds. Assuming

ERR* exists and is equal to the expected value of the limiting distribution, we have
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Table 6.1: Simulated and Approximate Values for the Resistance to Rejection of the
Wilcoxon Test Given as the Average Number of Contaminations Necessary to Force

Rejection

Resistance to Rejection

n Simulated  Approximate

30 3.449 (0.026 2.634

0.048

5.267

(0.026)
60 4.575 (0.035) 3.725
120 6.092 (0.048)

(0.065)

240  8.273 (0.065 7.450

Values in parentheses are estimated standard errors of the estimates.

RR(SF,V,) = 1/v/3 = 0.577. Oddly, this is almost exactly the ratio suggested by
the studies cited in Chapter 5. In the case where the uncontaminated data most
favor Hy, the sign test (asymptotically) tolerates a contamination of 1/2 of the
entire sample; the Wilcoxon test tolerates a contamination of 1 — 1/v/2 ~ 0.293 of

the entire sample (a ratio of approximately 0.586).
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Chapter 7

Summary

Quantile representation proved quite successful in leading to results re-
garding sign-scored methods of testing for trend. As a fortunate by-product, the
structure of the representation of the vector of Mood statistics led to methods that
improve the efficiency of pairwise testing methods when relative spacings are as-
sumed and sample sizes are unequal ... methods that extend to much broader class
of score functions. The simulation study backs up the advisability of applying these
methods. It also clearly supports the use of the Y2 test in cases for which the entire
space of isotonic (antitonic) response curves must be protected against.

Applying quantile representation methods to more general L; function fit-
ting seems a reasonable extension.

The framework advanced in this work for evaluating test robustness il-
lustrates that the statistical procedures commonly regarded as robust are not as
resistant to contamination as other analyses indicate. The results derived for the
sign-based methods clearly demonstrate a shortcoming. Slight, systematic mea-
surement errors in one of the two samples can easily force a Mood test to falsely
reject.

Work is still in progress establishing the uniform integrability result needed
in Chapter 6. For the case of the Mann-Whitney two-sample rank statistic, W, the
author has verified that the limiting distribution of R?, the single sample contami-
nation scheme, has the same form up to a constant as it does for the Mood statistic.

The arguments are of the same nature of those supplied in Chapters 5 and 6. A
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complete argument establishing the “closeness” of the small sample scheme to the
optimal scheme has not been established. Provided this, as well as the uniform
integrability condition, can be established, again we have RR(W, M) = 1//3 (as
in the one-sample case). The definitions of test breakdown in Rieder (1982) and
Coakley and Hettmansperger (1992a), as well as developments of breakdown points
for the corresponding estimates, all establish equal breakdown points for the Mann-
Whitney and Mood procedures.

Developing expected resistance under the framework of a more general

score function is of interest.
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